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Abstract
We review the main results that have been obtained in quantum cos-
mology from the perspective of the de Broglie-Bohm quantum theory. As
it is a dynamical theory of assumed objectively real trajectories in the con-
figuration space of the physical system under investigation, this quantum
theory is not essentially probabilistic and dispenses the collapse postulate,
turning it suitable to be applied to cosmology. In the framework of min-
isuperspace models, we show how quantum cosmological effects in the de-
Broglie-Bohm’s approach can avoid the initial singularity, and isotropize
the Universe. We then extend minisuperspace in order to include lin-
ear cosmological perturbations. We present the main equations which
govern the dynamics of quantum cosmological perturbations evolving in
non-singular quantum cosmological backgrounds, and calculate some of
their observational consequences. These results are not known how to be
obtained in other approaches to quantum theory. In the general case of
full superspace, we enumerate the possible structures of quantum space
and time that emerge from the de Broglie-Bohm picture. Finally, we com-
pare some of the results coming from the de Broglie-Bohm theory with
other approaches, and discuss the physical reasons for some discrepancies
that occur.
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1 Introduction
The great majority of the physics community believes that quantum mechanics
is a universal and fundamental theory, applicable to any physical system, from
which classical physics can be recovered. The Universe is, of course, a valid
physical system: there is a theoretical model, the standard cosmological model,
which is able to describe it in physical terms, and make predictions which can be
confirmed or refuted by observations. In fact, the observations until now confirm
the standard cosmological scenario (even though important tensions exist, like
the unexpected results that first came from supernova data in 1998 [81]). Hence,
supposing the universality of quantum mechanics, the Universe itself must be
described by quantum theory, from which we could recover classical cosmology.
However, the Copenhagen interpretation of quantum mechanics [18, 40, 95],
which is the one taught in undergraduate courses and employed by the majority
of physicists in all areas, cannot be used in a quantum theory of cosmology.
This is because it imposes the existence of a classical domain or of an external
agent outside the physical system. In von Neumann’s view, for instance, the
necessity of an external agent, comes from the way it solves the measurement
problem (see Ref. [68] for a good discussion). In an impulsive measurement
of some observable, the wave function of the observed system plus macroscopic
apparatus splits into many branches which almost do not overlap (in order to be
a good measurement), each one containing the observed system in an eigenstate
of the measured observable, and the pointer of the apparatus pointing to the
respective eigenvalue. However, in the end of the measurement, we observe only
one of these eigenvalues, and the measurement is robust in the sense that if we
repeat it immediately after, we obtain the same result. So it seems that the
wave function collapses into one of the branches, the others disappear. The
Copenhagen interpretation assumes that this collapse is real. However, a real
collapse cannot be described by the unitary Schro¨dinger evolution. Hence, the
Copenhagen interpretation must assume that there is a fundamental process in
a measurement which must occur outside the quantum world, by an external
agent in a classical domain. Of course, if we want to quantize the whole Universe,
there is no place for a classical domain or any external agent outside it, and the
Copenhagen interpretation cannot be applied.
In order to save the situation, one could try to evoke the phenomenon of
decoherence [97]. In fact, the interaction of the observed quantum system with
its environment yields an effective diagonalization of the reduced density matrix,
obtained by tracing out the irrelevant degrees of freedom. Decoherence can
explain why the splitting of the wave function is given in terms of the pointer
basis states, and why we do not see superpositions of macroscopic objects. In
this way, classical properties emerge from quantum theory without the need of
being assumed. In the framework of quantum gravity, it can also explain how a
classical background geometry can emerge in a quantum universe [49]. In fact,
it is the first quantity to become classical. However, decoherence is not yet a
complete answer to the measurement problem [68, 66, 98]. It does not explain
the apparent collapse after the measurement is completed, or why all but one of
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the diagonal elements of the density matrix become null when the measurement
is finished. The theory is unable to give an account of the existence of facts,
their uniqueness as opposed to the multiplicity of possible phenomena. Further
developments are still in progress, like the consistent histories approach [68, 29],
which are however incomplete until now.
Hence, if someone insists with the Copenhagen interpretation, at least in its
present form, she or he must assume that quantum theory is not universal, that
quantum cosmology does not make any sense at all, and we are stuck. This is
a perfect example of the adequacy of Albert Einstein sentence: ”Contemporary
quantum theory constitutes an optimum formulation of [certain] connections
[but] offers no useful point of departure for future developments.”
Fortunately, there are some alternative solutions to this quantum cosmolog-
ical dilemma which can solve the measurement problem maintaining the uni-
versality of quantum theory. One can say that the Schro¨dinger evolution is an
approximation of a more fundamental non-linear theory which can accomplish
the collapse [31, 71], or that the collapse is effective but not real, in the sense
that the other branches disappear from the observer but do not disappear from
existence. In this second category we can cite the Many-Worlds Interpretation
(MW) [26] and the de Broglie-Bohm Theory (dBB) [16, 17, 44]. In the former,
all the possibilities in the splitting are actually realized. In each branch there is
an observer with the knowledge of the corresponding eigenvalue of this branch,
but she or he is not aware of the other observers and the other possibilities
because the branches do not interfere. In the latter, a point-particle in configu-
ration space describing the observed system and apparatus is supposed to exist,
independently on any observations. In the splitting, this point particle will enter
into one of the branches (depending on the initial position of the point particle
before the measurement, which is unknown), and the other branches will be
empty. It can be shown [44] that the empty waves can neither interact with
other particles, nor with the point particle containing the apparatus. Hence, no
observer can be aware of the other branches which are empty. Again we have
an effective but not real collapse (the empty waves continue to exist), but now
with no multiplication of observers. Of course these theories can be used in
quantum cosmology. Schro¨dinger evolution is always valid, and there is no need
of a classical domain or any external agent outside the physical system.
We call quantum cosmology [61, 62, 22] as this attempt to apply quantum
theory to the Universe as a whole. In the following, we will apply the de Broglie-
Bohm (dBB) theory to quantum cosmology. One of the important results is
the elimination of cosmological singularities which has been proved at least for
some particular but relevant cases. In general, it may depend on the chosen
initial state, according to the cosmological model which has been taken. As
we know, the singularity theorems [39] show that, under reasonable physical
assumptions, the universe has developed an initial singularity, which is called
the big bang, and will develop future singularities in the form of black holes
and, perhaps, of a big crunch. Until now, singularities are out of the scope
of any physical theory, hence one should assume that the ‘reasonable physical
assumptions’ of the theorems are not valid under extreme situations of very
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high energy density and curvature, which is very plausible. We may say that
general relativity or any other matter field theory must be changed under these
extreme conditions. One good point of view (which is not the only one) is to
think that quantum gravitational effects become important. We should then
construct a quantum theory of gravitation and apply it to cosmology. This
is a good strategy because, besides the possibility of obtaining from quantum
gravity a solution to the singularity problem, we gain from quantum theory
the possibility of constructing a theory of initial conditions for the Universe.
This theory could then explain why the universe is remarkably homogeneous
and isotropic, and even why the constants of nature have the values we observe
they have. Moreover, it could give the spectrum of quantum fluctuations of
geometry and matter of primordial origin and provide us with a complete theory
of structure formation.
However, there is no complete and well founded theory of quantum gravity.
In the covariant perturbative approach, the best candidate is string theory.
However, string theory is not yet predictive about the field theory that should
be valid in the physical domain of 4-dimensional space-time dimensions, and
their standard particles states. Nonperturbative quantum gravity, like loop
quantum gravity, has also a lot of unresolved problems (complicate constraint
equations, unclear classical limit, etc). The application of quantum gravity to
cosmology adds new problems, as we mentioned above. How do we interpret
and extract results from the wave function of the Universe? How can we recover
the standard cosmological model? Finally, in quantum mechanics, time, in spite
of seeming to be a measurable physical quantity, is not treated as an observable
(hermitian operator) but as an external evolution parameter (c-number). In
the quantum cosmology of a closed universe, there is no place for an external
parameter. So, what happens with time; does it become an operator? These
are some of the difficult issues which the subject of quantum cosmology has to
give an answer in order to have a meaning.
In this review we will try to explain the ideas on how one can deal with some
of these deep issues concerning quantum cosmology within the framework of the
de Broglie-Bohm quantum theory. In fact, the simple hypothesis of the objective
physical reality of trajectories in the configuration space of fields and particles
governed by a suitable dynamical law, from which probabilistic concepts be-
come secondary, yields a framework where many of these problems become less
contrived and capable to be solved. In the next section we will review the stan-
dard canonical quantization of general relativity, which leads to the so called
Wheeler-DeWitt equation. We know that there are much better mathematical
implementations of nonperturbative quantum general relativity, like loop quan-
tum gravity [6] or path integral quantization [5], but our aim here is to apply our
ideas to quantum cosmology, where the resulting quantum equations of these
approaches should be quite similar (or even coincide, if one is not so close to the
Planck scale) under the restricted domain of degrees of freedom of homogeneous
spaces with linear perturbations on it, characteristic of the standard classical
cosmological model. In section 3, we will present three of the most used quan-
tum theories applied to quantum cosmology, the many worlds theory (MW), the
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consistent histories approach (CH), and the de Broglie-Bohm theory (dBB). In
section 4, we will show how some basic problems of quantum cosmology can be
solved in the light of the de Broglie-Bohm theory. In section 5, we will compare
the de Broglie-Bohm results with other approaches, and discuss the reasons for
some unexpected discrepancies. In section 6, we will extend the cosmological
models from which we have obtained the results of the preceding sections, and
introduce perturbations on them in order to obtain results concerning structure
formation and the anisotropies of the cosmic background radiation, which could
be tested by the new cosmological observations which will be implemented in
the near future. We end up with the conclusions in section 7.
We end this introduction by refereeing the reader to other investigations
concerning the de dBB approach in cosmology and quantum black holes [94]
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2 Foundations of quantum cosmology
2.1 Canonical quantization of general relativity
As we have explained in the introduction, quantum cosmology is the application
of a theory of quantum gravity to the Universe as a whole. However, until now,
there is no consistent and widely accepted theory of quantum gravity.
As we have seen, there are two basic ways to quantize gravity: the covari-
ant and the canonical approaches. We will focus here on the canonical one,
which is essentially non-perturbative. But can quantum general relativity make
sense if its perturbation expansion is not renormalizable? The answer is affirma-
tive. There are examples of theories that are exactly solvable non-perturbatively
but which perturbation expansion is not renormalizable [96]. Non-perturbative
technics are also being developed in superstring theory, but we will stay in the
framework of general relativity itself and present the canonical quantization of
this theory.
The canonical approach is based on the hamiltonian of general relativity. The
idea is to obtain a quantum functional equation for a wave functional, which
is analogous to the Schro¨dinger equation. For historical reasons, this approach
is not very popular in other quantum field theories. Some papers have been
published with comparisons of this approach with the more usual covariant
approach in quantum electrodynamics and other quantum field theories [48,
46]. To construct the hamiltonian of general relativity we must assume that
spacetime can be splitted into a family of spacelike hypersurfaces and a timelike
direction. It means that we are restricting the topology of the manifold to be
of the type: M4 = R
⊗
M3. Hence, we are discarding spacetimes with rotation
and with closed timelike curves. Questions about the existence of closed timelike
curves cannot be answered within this formalism.
Let us now split the metric into the timelike direction and the spacelike
direction.
The spacelike hypersurfaces can be defined by the equations φ(xµ) = const..
Their normals are given by one-forms η = ηµdx
µ = ∂µφdx
µ. As they are
spacelike, there is always a timelike coordinate x0 = t that parametrizes the
hypersurfaces yielding ηµ = −Nδ0µ. N is a normalization factor, gµνηµην = −1,
which implies that g00 = − 1N2 . The projector onto the hypersurfaces is given
by hµν ≡ gµν + ηµην whose components are h00 = 0, h0i = 0 and hij =
gij + N2gi0gj0. Defining N i = gi0N2, the components of the contravariant
metric are:
g00 = − 1
N2
; g0i =
N i
N2
; gij = hij − NiN
j
N2
(1)
We can calculate the inverse covariant metric gµν yielding the following line
element:
ds2 = gµνdx
µdxν
= (NiN
i −N2)dt2 + 2Nidxidt+ hijdxidxj =
= N2dt2 + hij(N
idt+ dxi)(N jdt+ dxj) (2)
6
where Ni = hijN
j , hij is the inverse of h
ij and it is, by contruction, the intrinsic
covariant metric of the spacelike hypersurfaces. Examining Eq. (2) we can see
that N(t, xk) is the rate of change with respect to the coordinate time t of the
proper time of an observer with four-velocity ηµ(t, xk) at the point(t, xk). It is
called the lapse function. Also, N i(t, xk) is the rate of change with respect to
coordinate time t of the shift of the points with the same label xi when we go
from one hypersurface to another. It is called the shift function. It can also be
viewed as the projection onto the spacelike hypersurface of the tangent vector
∂
∂t to the t-time coordinate curves. For more details, see Ref. [63].
Another useful quantity is the extrinsic curvature. It measures how much
the 3-dimensional hypersurfaces are curved with respect to the 4-dimensional
manifold in which it is embedded. It does that by comparing the normal vector
ηµ at one point with the parallel transported normal vector from a neighbor
point to this same point. Precisely, it is defined as follows:
Kµν ≡ −hαµ hβν ∇(αηβ)
The relevant components of the extrinsic curvature are:
Kij = −NΓ0ij
=
1
2N
(2D(iNj) − ∂thij), (3)
where Di is the 3-dimensional covariant derivative.
Using Eqs. (1), (2) and (3), we obtain for the four-dimensional Ricci scalar:
R = R(3) +KkiKki +K
2 − 2
N
∂tK +
2N i
N
∂iK − 2
N
Dk(∂
kN), (4)
where R(3) is the 3-dimensional Ricci scalar, and hence, for the Einstein-Hilbert
lagrangian density, after discarding surface terms,
L[N,N i, hij ] = Nh1/2(R(3) +KijKij −K2). (5)
Let us now construct the hamiltonian of general relativity. As the lagrangian
density (5) does not depend on ∂tN and on ∂tN
i, their canonical conjugate
momenta are zero. These are the so called primary constraints. Therefore,
general relativity is a theory with constraints and it will be treated with the
Dirac formalism [24, 42, 88].
The canonical momenta conjugate to hij are given by:
Πij =
δL
δ(∂thij)
= −h1/2(Kij − hijK). (6)
For consistency, the primary constraints must be conserved in time. This
implies the following weak equations:
H = GijklΠijΠkl − h1/2R(3) ≈ 0 (7)
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Hj = −2DiΠij ≈ 0, (8)
where
Gijkl =
1
2
h−1/2(hikhjl + hilhjk − hijhkl), (9)
which is called the DeWitt metric. They are secondary constraints and are
called super-hamiltonian and super-momentum constraints, respectively. Their
conservations in time do not lead to any new constraints. An straightforward
calculation then shows that the hamiltonian of general relativity is simply given
by:
HGR =
∫
d3x(NH+NjHj) (10)
As N and N i have no dynamics and they multiply secondary constraints
in the total hamiltonian, they can be viewed as lagrangian multipliers of these
constraints, and they can be eliminated from the phase space of the theory [88].
It can be shown that the secondary constraints have weakly zero Poisson
brackets among each other. They are called first class constraints and they are
generators of gauge transformations. In fact, it can be shown that:
δhij(x) =
{
hij(x),
∫
d3yξk(y)Hk(y)
}
= Djξi(x) +Diξj(x) = £ξhij (11)
δhij(x) =
{
hij(x),
∫
d3yζ(y)H(y)
}
= −2ζ(x)Kij(x) = ζ(x)£ηhij (12)
where £ξ is the Lie derivative along the infinitesimal spacelike vector ξ and £η is
the Lie derivative along the direction orthogonal to the spacelike hypersurfaces
with metric hij . The function ζ(x) is infinitesimal. Analogous results can be
obtained for the momenta Πij . Therefore, the first constraint is the generator
of spatial coordinate transformations while the second one is the generator of
time reparametrization, which are the gauge transformations of the theory. As
can be seen from Eq. (12), the second constraint is connected to time evolution.
Let us then quantize the theory. We will work in the hij representation. The
wave function Ψ[hij , t] must satisfy the Schro¨dinger-like functional equation:
i~
∂Ψ(hij, t)
∂t
= HˆGRΨ(hij , t) (13)
where HˆGR is the operator coming from the classical hamiltonian (10).
For the first constraints (7) and (8), Dirac rules impose that
HˆΨ(hij , t) = 0 (14)
HˆkΨ(hij , t) = 0. (15)
If Eqs. (14) and (15) are correct, then the right-hand-side of Eq. (13) is
zero, and it implies that Ψ does not depend on t.
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Equation (15) has a simple meaning. It states that the value of the wave
function does not change if the spacelike metric changes by a spatial coordi-
nate transformation. Therefore, Eq. (15) implies that the wave function is a
functional of the equivalence class of metrics which describe the same geome-
try, not of one particular metric. It is a functional defined on the space of all
spacelike geometries, not on the space of all spacelike metrics. The space of all
three-dimensional spacelike geometries is called superspace. This is the quan-
tum version of the meaning of the constraint (8), which classically is interpreted
as the generator of spacelike coordinate transformations.
2.2 The Wheeler-DeWitt equation and the issue of time
Let us turn now to the Eq. (14), which is called the Wheeler-DeWitt equation
[22]. We should expect that the dynamics of the wave function be contained
in it. There should exist one momentum which is canonically conjugate to the
time in which the quantum dynamics takes place. In the reparametrization
invariant formulation of non-relativistic classical mechanics of point particles,
this particular momentum is easily distinguishable from the others because it
appears linearly in this equation, while the others appear quadratically [88].
However, in Eq. (14), even when one adds non-gravitational degrees of freedom,
there is no momentum which appears linearly in general (with some exceptions
which we will discuss later on); all of them appear quadratically. Hence, where
is time?
There are some proposals of solution to this problem, which is called the
issue of time. We will now expose some of them:
i) The DeWitt metric (9) is a 6X 6 matrix per space point and it can be
shown that it has signature (−,+,+,+,+,+) [22]. Adding conventional non-
gravitational degrees of freedom (satisfying the null energy condition) will just
add other dimensions to the DeWitt metric with positive signature, not alter-
ing its lorentzian nature. The minus sign is related to the square root of the
determinant of the spacelike metric [22, 33, 78],
√
h. Thus, it seems that we
should identify this quantity with time. However,
√
h is the volume of the
spacelike hypersurfaces. Does it mean that in a contracting universe time goes
backwards? Quite unplausible. Furthermore, because of the Lorentzian signa-
ture of the DeWitt metric, the Wheeler-DeWitt Eq. (14) is like a Klein-Gordon
equation with a variable ‘mass’ term, R(3)(hij), which depends on the ‘time’√
h. Consequently, if we want to give some kind of probabilistic interpretation
to Ψ, we will have to face all the problems with negative probabilities which are
characteristic of this type of equation. The presence of the variable ‘mass’ term
turns this problem very difficult to solve [52], and one cannot work with the
single frequency approach. One possibility is to define a new inner product, as
it was done in Ref. [37]. This is something yet to be explored in full superspace.
In quantum field theory, this problem is solved by second quantizing the
Klein-Gordon field. This field operator is expanded into creation and annihi-
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lation operators of spin zero particles. The vacuum state is the state with no
particles. If this quantum field is submitted to a time variable potential en-
ergy, or if it is embedded in a time variable curved background, then spin zero
particles are created out of the vacuum.
For the Wheeler-DeWitt equation, this procedure would lead us to a third
quantization of gravity by quantizing the wave function itself [86, 45]. The par-
ticles are now universes that can be created by the action of creation operators
which are obtained by an expansion of the wave function, which is now an opera-
tor. The vacuum state is the real nothing, the absence of matter and spacetime.
Since the DeWitt metric (9), as well as R(3)(hij), depends on
√
h, which is
considered here as ‘time’, this quantum wave function is like a quantum scalar
field propagating in a time variable curved background and submitted to a time
variable potential energy. Thus, universes can be spontaneously created from
nothing! This is a rather exotic and interesting picture, but with no rigorous
mathematical foundations.
ii) We could try to identify some degrees of freedom which, playing the role
of time, put the Wheeler-DeWitt Eq. (14) in a Schro¨dinger form. This variable
can come from matter degrees of freedom, and we will show in section IV that
this is indeed possible if matter is described by a hydrodynamical perfect fluid.
It can also come from gravitational degrees of freedom, but this is possible only
implicitly [52, 78]. The variable that plays the role of time is the trace of Πij ,
which is a monotonically increasing function of time whenever the dominant
energy condition is satisfied.
2.3 Minisuperspace models
The Wheeler-DeWitt Eq. (14) is a very complicate functional differential equa-
tion, which is equivalent to an intricate system of partial differential equations,
one for each space point xi. Such a system is not well defined mathematically.
However, one would like to investigate the problem of time and other issues
related to the quantization of the Universe, like the singularity problem in clas-
sical cosmology and the interpretation of the wave function of the Universe,
more deeply. Hence, it should be a good strategy to get rid of the very difficult
technical problems characteristic of the Wheeler-DeWitt equation in full super-
space, and work in a more restricted framework. Furthermore, the great degree
of space homogeneity of the primordial Universe suggests that this simplification
can be physically reasonable when dealing with quantum cosmology.
In order to do that, one usually simplifies the Wheeler-DeWitt equation
by freezing out the degrees of freedom of gravity and matter, reducing the
superspace to a minisuperspace where only a finite amount of degrees of freedom
are still available.
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More precisely, we expand the spacelike metric, non-gravitational fields and
their conjugate momenta in some complete set fn:
hij(x, t) = hij(0)(t) +
∑∞
n=1
hij(n)(t)fn(x) (16)
Πij(x, t) = Π
(0)
ij (t) +
∑∞
n=1
Π
(n)
ij (t)fn(x) (17)
ΦA(x, t) = ΦA(0)(t) +
∑∞
n=1
ΦA(n)(t)fn(x) (18)
ΠA(x, t) = Π
(0)
A (t) +
∑∞
n=1
Π
(n)
A (t)fn(x) (19)
A minisuperspace is the set of spacelike geometries and matter fields where
all but a finite set of the hij(n)(t),Φ
A
(n)(t) and their corresponding Π
(n)
ij (t),Π
(n)
A (t)
are put identically to zero.
Evidently, this procedure violate the uncertainty principle. However, we
expect that the quantization of these minisuperspace models retains many of
the qualitative features of the full quantum theory, which are easier to study
in this simplified model. For more details on minisuperspace models, see Refs.
[82, 53, 35].
In the case of homogeneous models, which describe quite accurately the
primordial Universe, the supermomentum constraint Hi is identically zero, and
the shift function Ni can be set to zero in Eq. (10) without loosing any of the
Einstein’s equations. The hamiltonian (10) is reduced to:
HGR = N(t)H[pα(t), qα(t)], (20)
where pα(t) and qα(t) represent the homogeneous degrees of freedom coming
from Πij(x, t), ΠA(x, t), h
ij(x, t) and ΦA(x, t). The Weeler-DeWitt equation
then reads
1
2
fαβ(qµ)
∂2Ψ(qµ)
∂qα∂qβ
+ U(qµ)Ψ(qµ) = 0, (21)
where
pα = fαβ
1
N
∂qβ
∂t
, (22)
and fαβ(qµ) and U(qµ) are the minisuperspace particularizations of Gijkl and
−h1/2R(3)(hij) + V (ΦA), respectively, where V represents the potential terms
coming from the matter degrees of freedom.
Equations of the type of Eq. (21) are well defined mathematically and solv-
able. We will discuss and solve some minisuperspace examples in the sequence,
but first we must agree on how to extract information from these solutions.
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3 Interpreting the wave function of the Universe
3.1 The many-worlds theory
As we have emphasized in the Introduction, we need a new interpretation of
quantum mechanics that can be applied consistently to the wave function of the
Universe, which should be a solution of the Wheeler-DeWitt Eq. (14).
In 1957, Hugh Everett III presented his Ph.D. thesis On the foundations of
quantum mechanics , after publishing it under the title “Relative State” Formu-
lation of Quantum Mechanics [23]. In this article he asserts that his motivation
was to construct a formulation of quantum theory which should be adequate
to general relativity and cosmology. He was aware of the incompatibility of the
collapse postulate of the Copenhaguen interpretation with a quantum theory
of everything. He then proposed that the collapse postulate is not necessary,
that it is in fact a foreign and artificial concept which is not imposed by the
mathematical structure of quantum mechanics. In fact, in a good measurement,
the different branches in which the total wave function bifurcates, describing the
quantum system and experimental apparatus pointing to one particular possible
result of the measurement, do not interfere among each other. This bifurcation,
with such properties happen for whatever complicate experimental apparatus
the branch is describing (apparata measuring other apparata, yielding consis-
tent results among them in the branch, and so on), including observers. Each
branch looks like a world where a particular outcome of the measurement has
been obtained and every happening afterwards is compatible with this fact.
Also, as the branches do not interfere, they cannot be aware of what is hap-
pening in the other branches. Hence it seems that each branch describes a
sensible world where facts are present. These observations led Everett to the
following argumentation: From the view point of the theory, all elements of a
superposition (all “branches”) are “actual”, none anymore “real” than another.
It is completely unnecessary to suppose that after an observation somehow one
element of the final superposition is selected to be awarded with a mysterious
quality called “reality” and the others condemned to oblivion. We can be more
charitable and allow the others to coexist - they won’t cause any trouble anyway
because all the separate elements of the superposition (“branches”) individually
obey the wave equation with complete indifference to the presence or absence
(“actuality” or not) of the other elements.
The question concerning the meaning of the reality of these branches, whether
they represent minds of the observer, worlds or universes is still under debate,
but a crucial point in this theory is the following: if all possibilities are realized
in Nature, what is the sense to assign probabilities to one of the outcomes of a
measurement? Or in other words, how to recover the Born rule in this frame-
work? This question is also under debate, with no final answer yet. Hence the
Born measure of the worlds is a postulate of the MW theory. Note, however,
that this theory does not need an external agent or classical world amended
to the quantum system: the Schro¨dinger evolution is always valid, facts are
present in each world, no collapse is needed, and the theory can be applied to
12
any physical system.
3.2 The consistent histories approach
In the consistent histories interpretation, quantum mechanics is not viewed as
a theory of many worlds, but as a theory of many histories. It was developed
by Griffiths and Omne`s in order to get a consistent interpretation of quantum
mechanics without the problems mentioned above.
The first basic assumption of this scheme is that, according to Omne´s [68],
‘every physical system, whether an atom or a star, is assumed to be described by
a universal kind of mechanics, which is quantum mechanics’. There are two im-
mediate important consequences of this assumption: first that the theory deals
with individual systems (there is no sense in dealing with an ensemble of planets
Mars in order to study this planet), and second that classical mechanics must
be derived from quantum mechanics in the situations where it is a good approx-
imation. Here, classical mechanics means not only classical dynamics (Newton’s
laws, in the non-relativistic case) but also classical logic (common sense), de-
terminism, and everything characteristic of the classical world. Therefore, the
classical world must be derived from the quantum world.
Evidently, this kind of interpretation is better suited for quantum cosmology
than the Copenhaguen one. That is why Hartle and Gell-Mann have developed
an analogous framework in order to apply it to quantum cosmology.
In the history interpretation, probabilities1 are not assigned to events as
in usual quantum mechanics, but to whole histories. However, as we know,
we cannot assign probabilities to every history in quantum mechanics. The
interference figure obtained from the two slit experiment is an evidence of this
fact. Hence, we must establish what are the conditions on families of histories in
order to be possible to assign probabilities to all members of such families. Once
we obtain these conditions, we will have the possibility of saying, for instance,
that a history of the universe with inflation is more probable than another one
without inflation, without mentioning observers or measurements. Let us give
more details on how this interpretation works.
A history of an isolated physical system is a succession of properties of this
system occurring at different times. An example of a property of a system
is the sentence ‘the eigenvalue of the observable Bˆ is in the set D’. To each
property is associated a projector operator. In the above example, it would be
the projector P onto the subspace of the Hilbert space containing all eigenvectors
with eigenvalues in the set D. Another way to say the above property is ‘the
value of P is 1’.
The probability of a property, designed by its projector P , must satisfy the
1Here, probability has only a formal meaning, a mathematical object which must satisfy
some mathematical requirements, as will see later on. Its connection with the relative fre-
quences of measurement data is something to be established when a theory of measurements
is formulated. It is argued in Ref. [68] that there are some probabilities which cannot be
tested by measurements while there are others which may have an empirical sense.
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following conditions:
0 ≤ p (P ) ≤ 1 (23)
p (I) = 1 (24)
p (P + P ′) = p (P ) + p (P ′) (25)
where P and P ′ are projectors into disjoint sets D and D′.
There is a theorem due to Gleason [32], which shows that there exists a
trace-class (with unit trace) positive operator ρ (the density operator), where a
p (P ) satisfying the above conditions can be written as:
p (P ) = Tr(ρP ). (26)
The probability of a history can also be obtained from some logical conditions
(for details, see Ref. [68]). The unique2 probability is given by:
p = Tr{Pn(tn)...Pk(tk)...P1(t1)ρP1(t1)...Pk(tk)...Pn(tn)} (27)
where ρ is the density matrix of the initial state of the system. One of the
projectors Pn(tn) can be omitted due to the cyclic property of the trace and
the fact that Pn(tn) is a projector. Note that for n = 1 this probability reduces
to Eq. (26). Also, if ρ represents a pure state, ρ = |Ψ><Ψ|, this probability
reduces to the reasonable equation:
p = |Pn(tn)...Pk(tk)...P1(t1)|Ψ> |2 (28)
If we have more than one history, constituting what will be called a family
of histories, then the additivity condition on probabilities must be checked. Let
us make some definitions.
Two histories h and h′ are said to be disjoint if P ′k(tk)Pk(tk) = 0 for some k.
The union of two histories is defined if the histories have P ′i (ti) = Pi(ti) for all i
except for one i = k where P ′k(tk)Pk(tk) = 0 (they must be disjoint). The union
is the history given by the sequence {P1(t1)...Pi(ti)...Pk(tk) + P ′k(tk)...Pn(tn)}
A consistent family of histories is one where each probability of each possible
union of two disjoint histories is the sum of the probabilities of each disjoint
history:
p (h+ h′) = p (h) + p (h′) (29)
Therefore, in a consistent family of histories, a probability can be assigned to
each history of the family. Equation (29) implies some consistency conditions.
Let us examine a simple example. Take a family constituted of two histories and
two instants of time. The history h is {P1(t1), P2(t2)} and h′ is {P ′1(t1), P2(t2)},
with P1(t1)P
′
1(t1) = 0. The initial state is given by the density matrix ρ. Then
we have:
p (h+ h′) = Tr{P2(t2)(P1(t1) + P ′1(t1))ρ(P1(t1) + P ′1(t1))}
= p (h) + p (h′) +
+ Tr{P2(t2)P ′1(t1)ρP1(t1)}+Tr{P2(t2)P1(t1)ρP ′1(t1)} (30)
2The uniqueness is only proved for histories with two instants of time or histories where
the projectors refers either to position or momentum operators.
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Hence, probabilities can be assigned to this family of histories if:
Tr{P2(t2)P ′1(t1)ρP1(t1)}+Tr{P2(t2)P1(t1)ρP ′1(t1)} = 0 (31)
Using that the projectors are hermitean operators, Eq. (31) is equivalent to:
ReTr{P2(t2)P1(t1)ρP ′1(t1)} = 0 (32)
This is the consistency condition for this family of histories.
For more complicate families of histories, the necessary and sufficient consis-
tency conditions are more involved [68]. That is why Hartle and Gell-Mann [29]
prefer to use a simpler sufficient, but not necessary, condition. They defined the
‘decoherence functional’ as:
D({Pα′}{Pα}) = Tr{Pnα′
n
(tn)...P
1
α′1
(t1)ρP
1
α1(t1)...P
n
αn(tn)} (33)
(the indices αn are to emphasize that we may have many projectors at each
instant tn).
Their sufficient condition is:
D({Pα′}{Pα}) = 0 ; αk′ 6= αk (34)
This implies that the decoherence functional can be written as:
D({Pα′}{Pα}) = δα′1α1 ...δα′nαnp (h = {Pα}) (35)
for each history h = {Pα} of the given family of histories.
Families of fine grained histories (for instance, precise values of the posi-
tion operator at every instant of time) are not consistent. Usually we have to
deal with coarse grained histories (for instance, values of the position opera-
tor belonging to some set of values at some instants of time). These coarse
grained histories may satisfy, at least approximately, Eq. (34) (recall that our
observations in cosmology are very coarse grained). In this case, we may as-
sign probabilities to them. There must exist some families of coarse grained
histories which satisfy Eq. (34) with no finer-grained family which satisfies
it. These families are called maximal sets. The time evolution contained in
some histories belonging to consistent families may be approximately equal to
the time evolution obtained from the classical equations of motion. These are
quasi-classical histories. They involve quasi-classical projectors associated with
collective observables (e.g., the center of mass position of a collection of atoms).
In quantum cosmology, the goal would be to find collective observables (re-
lated with concrete observations), and their connections with fundamental quan-
tum gravity operators, identify consistent family of histories, impose as initial
condition some solution of the Wheeler-DeWitt equation obtained from some
suitable boundary conditions, and finally calculate probabilities of histories.
This was subject of intense research [25, 49, 70, 51, 69, 36, 37, 38].
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3.3 The de Broglie-Bohm theory
The dBB quantum theory works as follows: take the Schro¨dinger equation for a
single non-relativistic particle in the coordinate representation with the hamil-
tonian H = P
2
2m + V (x)
i~
dΨ(x, t)
dt
=
[
− ~
2
2m
∇2 + V (x)
]
Ψ(x, t) (36)
Write Ψ = R exp(iS/~) and substitute it in (36). We obtain the following
equations:
∂S
∂t
+
(∇S)2
2m
+ V − ~
2
2m
∇2R
R
= 0 (37)
∂R2
∂t
+∇.(R2∇S
m
) = 0 (38)
The main features of the dBB theory, based on these two equations, are
[16, 44]:
i) The quantum particles follow trajectories x(t), independent of observa-
tions.
ii) The particles are never separated from a quantum field Ψ which acts on
them and satisfies the Schro¨dinger Eq. (36).
iii) As one is assuming the ontology of position, one must postulate an
equation for it. De Broglie proposed that the momentum of the particle should
be given by
p = mx˙ = ∇S. (39)
This is the so called guidance equation. If one solves the Schro¨dinger equation
and obtains S, then one can integrate (39) to obtain x(t). The precise trajec-
tory depends on an integration constant, the initial position, which is however
unknown and for many physicists they are the hidden variable of the theory.
iv) Equation (37) is a Hamilton-Jacobi type equation for a particle submitted
to an external potential which is the classical potential plus a new quantum
potential
Q ≡ − ~
2
2m
∇2R
R
. (40)
Hence, the particle trajectory x(t) satisfies the equation of motion
m
d2x
dt2
= −∇V −∇Q. (41)
v) In a statistical ensemble of particles in the same quantum field Ψ, if
the probability density for the unknown initial position is given by P (x0) =
R2(x = x0, t = t0), Eq. (38) guarantees that R
2(x, t) will give the distribution
of positions at any time, and all statistical predictions of quantum mechanics
are recovered.
Let us make some comments:
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a) Even in the regions where Ψ is very small, the quantum potential can be
very high, as we can see from Eq. (40). It depends only on the form of Ψ, not
on its absolute value. This fact, when one is dealing with many particles in an
entangled state, brings home the non-local character of the quantum potential.
This is very important because the Bell’s inequalities together with Aspect’s
experiments show that, in general, a quantum theory must be either non-local
or non-ontological. As the dBB theory is ontological, it must be non-local, as it
is. The quantum potential is responsible for the quantum effects.
b) An image proposed by Bohm and Hiley is that the wave function Ψ acts
like a radio wave emitted to an automatic pilot in a ship and guide it. It has
not the energy to pull the ship but it gives the information for its engine to do
so. This information is given through the guidance relation (39). For instance,
in the two-slit experiment, the wave function informs the particle about the
other slit (its size, the separation from the other slit, etc), affecting its motion
between the slit and the screen, which is no longer a straight line. In terms of the
quantum potential, the quantum force (the gradient of the quantum potential)
is infinite exactly on the points of destructive interference; particles cannot be
there.
c) It is not always true that one can write the probability density of an
statistical ensemble of quantum particles as P = R2. In fact, there is not in the
theory any logical connection between the distribution of the unknown initial
positions with R2. However, whenever P 6= R2, equation p = mx˙ = ∇S and
(38) makes P rapidly relax to R2, at least in a coarse grained level. This is an
analog of the H-theorem of statistical mechanics applied to quantum mechanics
(see Ref. [92] for details). In fact, almost all known physical systems have
relaxed to P = R2, hence all statistical predictions of quantum mechanics are
recovered in the dBB theory. Note that if one can find physical systems which
have not relaxed to P = R2, then their statistical predictions will not agree
with conventional quantum mechanics, and the dBB theory could be tested.
The possibility of existence of such systems, like relic gravitational ways, are
now under investigation [93]. Hence, probabilities are not fundamental in this
theory, and the Born rule is not postulated: it is obtained through the dynamics.
d) The classical limit is very simple: we have only to find the conditions for
having Q ≈ 0 when compared with the classical kinetic and potential energy
terms.
e) As we have discussed above, in a measurement the wave function is a
superposition of non-overlapping wave functions. The particle will enter in
only one region, a branch of the wave function, and it will be influenced by
the quantum potential obtained from the non-zero wave function of this region
only. The other branches are not eliminated but they do not have any physical
consequence to the evolution of the physical system. There is an apparent but
not real collapse.
Note that, although assuming the ontology of position of particles in space
through the new proposed guidance relation (39), the dBB theory has, in the
end, less postulates than the Copenhagen interpretation as long as it dispenses
the Born rule and the collapse postulate.
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A detailed analysis of the dBB theory of quantum field theory is given in Ref.
[47] for the case of quantum electrodynamics. See also Ref. [87] and references
therein for a discussion on the general case.
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4 Solving quantum cosmology with the de Broglie-
Bohm theory
4.1 The issue of time
For minisuperspace models, there is no issue of time in the framework of the de
Broglie-Bohm theory. Substituting Ψ = ReiS/~ in Eq. (21), the time evolution
of the trajectories in minisuperspace is then obtained from the Hamilton-Jacobi
like equation,
1
2
fαβ(qµ)
∂S
∂qα
∂S
∂qβ
+ U(qµ) +Q(qµ) = 0, (42)
with
Q(qµ) = − 1
R
fαβ
∂2R
∂qα∂qβ
, (43)
from which one can obtain the S function, and from the guidance relation
pα =
∂S
∂qα
= fαβ
1
N
∂qβ
∂t
= 0. (44)
Of course Eq. (44) will lead to a different evolution from the classical one if
Q is not negligible. However, Eq. (44) is invariant under time reparametriza-
tion. Hence, even at the quantum level, different choices of N(t) yield the same
spacetime geometry for a given non-classical solution qα(x, t).
In the case of full superspace, the situation is rather different. Let us take as
an example the case of a non-gravitational field described by a canonical scalar
field with potential V (φ) with the following lagrangian:
Lm =
√−g
(
− 1
2
φ,ρφ
,ρ − V (φ)
)
. (45)
Substitution of Ψ = A exp(iS/~) into the Wheeler-DeWitt Eq. (14) for the
full system yields the Hamilton-Jacobi like equation
κGijkl
δS
δhij
δS
δhkl
+
1
2
h−1/2
(
δS
δφ
)2
+U +Q = 0, (46)
where U is the classical potential given by
U = h1/2
[
− κ−1(R(3) − 2Λ) + 1
2
hij∂iφ∂jφ+ V (φ)
]
. (47)
We will investigate the following important problem. From the guidance
relations in full superspace
Πij =
δS(hab, φ)
δhij
, (48)
Πφ =
δS(hij , φ)
δφ
, (49)
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we obtain the following first order partial differential equations:
h˙ij = 2NGijkl
δS
δhkl
+DiNj +DjNi (50)
and
φ˙ = Nh−1/2
δS
δφ
+N i∂iφ. (51)
The question is, given some initial 3-metric and scalar field, what kind of struc-
ture do we obtain when we integrate these equations in the parameter t? Does
this structure form a 4-dimensional geometry with a scalar field for any choice
of the lapse and shift functions? Note that if the functional S were a solution
of the classical Hamilton-Jacobi equation, which does not contain the quantum
potential term, then the answer would be in the affirmative because we would
be in the scope of GR. But S is a solution of the modified Hamilton-Jacobi
Eq. (46), and we cannot guarantee that this will continue to be true. We may
obtain a complete different structure due to the quantum effects driven by the
quantum potential term in Eq. (46). To answer this question we will move
from this Hamilton-Jacobi picture of quantum geometrodynamics to a hamilto-
nian picture. This is because many strong results concerning geometrodynamics
were obtained in this later picture [43, 89]. We will construct a hamiltonian for-
malism which is consistent with the guidance relations (48) and (49). It yields
the bohmian trajectories (50) and (51) if the guidance relations are satisfied
initially. Once we have this hamiltonian, we can use well known results in the
literature to obtain strong results about the de Broglie-Bohm view of quantum
geometrodynamics.
Taking the super-momentum constraint
−2hliDj δS(hij , φ)
δhlj
+
δS(hij , φ)
δφ
∂iφ = 0, (52)
−2hliDj δA(hij , φ)
δhlj
+
δA(hij , φ)
δφ
∂iφ = 0. (53)
and Eq. (46), we can easily guess that the hamiltonian which generates the
bohmian trajectories, once the guidance relations (48) and (49) are satisfied
initially, should be given by:
HQ =
∫
d3x
[
N(H+Q) +N iHi
]
(54)
where we define
HQ ≡ H+Q. (55)
The quantitiesH andHi are the usual GR super-hamiltonian and super-momentum
constraints. In fact, the guidance relations (48) and (49) are consistent with the
constraints HQ ≈ 0 and Hi ≈ 0 because S satisfies (52) (which means that S
is invariant by spatial coordinate transformations, and Hi is the unique genera-
tor of such transformations) and (46). Furthermore, they are conserved by the
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hamiltonian evolution given by (55). Then we can show that indeed Eqs.(50,51)
can be obtained from HQ with the guidance relations (48) and (49) viewed as
additional constraints. For details, see Ref.[79].
We have a hamiltonian, HQ, which generates the bohmian trajectories once
the guidance relations (48) and (49) are imposed initially. In the following, we
can investigate whether the evolution of the fields driven by HQ forms a four-
geometry like in classical geometrodynamics. First we recall a result obtained
by Claudio Teitelboim [89]. In this paper, he shows that if the 3-geometries and
field configurations defined on hypersurfaces are evolved by some hamiltonian
with the form
H¯ =
∫
d3x(NH¯+N iH¯i), (56)
and if this evolution can be viewed as the “motion” of a 3-dimensional cut in a
4-dimensional spacetime (the 3-geometries can be embedded in a four-geometry
with invertible four-metric), then the constraints H¯ ≈ 0 and H¯i ≈ 0 must satisfy
the following algebra
{H¯(x), H¯(x′)} = −ǫ[H¯i(x)∂iδ3(x′, x)]− H¯i(x′)∂iδ3(x, x′) (57)
{H¯i(x), H¯(x′)} = H¯(x)∂iδ3(x, x′) (58)
{H¯i(x), H¯j(x′)} = H¯i(x)∂jδ3(x, x′)− H¯j(x′)∂iδ3(x, x′) (59)
The constant ǫ in (57) can be ±1 depending if the four-geometry in which
the 3-geometries are embedded is euclidian, with signature (+ + ++), (ǫ = 1)
or hyperbolic, with signature (− + ++), (ǫ = −1), because the stacking of
3-geometries which are evolved by the hamiltonian (54) can either yield an eu-
clidian or a hyperbolic 4-geometry. Because the 4-metric is invertible, there
is no extra preferred vector field that appears besides the metric itself. If that
would not be the case, there would come out absolute vector fields, which would
be the null eigen-vectors of the metric, which could be associated with absolute
time and/or absolute space, breaking spacetime into space+time, as in Newto-
nian physics. Hence, we would have violations of the necessary conditions for
the existence of the single entity which we call ”spacetime”.
The above algebra is the same as the algebra of GR if we choose ǫ = −1.
Note that the hamiltonian (54) is different from the hamiltonian of GR only
by the presence of the quantum potential term Q in HQ. The Poisson bracket
{Hi(x),Hj(x′)} satisfies Eq. (59) because the Hi of HQ defined in Eq. (54) is
the same as in GR. Also {Hi(x),HQ(x′)} satisfies Eq. (58) because Hi is the
generator of spatial coordinate tranformations, and as HQ is a scalar density
of weight one (Q must be a scalar density of weight one because of Eq. (46)),
then it must satisfies the Poisson bracket relation (58) with Hi. What remains
to be verified is whether the Poisson bracket {HQ(x),HQ(x′)} closes as in Eq.
(57). We now recall the result of Ref. [43]. There it is shown that a general
super-hamiltonian H¯ which satisfies Eq. (57), is a scalar density of weight one,
whose geometrical degrees of freedom are given only by the three-metric hij and
its canonical momentum, and contains only even powers and no non-local term
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in the momenta (together with the other requirements, these last two conditions
are also satisfied byHQ because it is quadratic in the momenta and the quantum
potential does not contain any non-local term in the momenta), then H¯ must
have the following form:
H¯ = κGijklΠijΠkl + 1
2
h−1/2π2φ + UG, (60)
where
UG ≡ −ǫh1/2
[
−κ−1(R(3) − 2Λ¯) + 1
2
hij∂iφ∂jφ+ V¯ (φ)
]
. (61)
With this result we can now establish two possible scenarios for the Bohm-de
Broglie quantum geometrodynamics, depending on the form of the quantum
potential:
4.1.1 Quantum geometrodynamics evolution creates a non degener-
ate four-geometry
In this case, the Poisson bracket {HQ(x),HQ(x′)} must satisfy Eq. (57). Then
Q must be such that U +Q = UG with U given by (47) yielding:
Q = −h1/2
[
(ǫ+1)
(
−κ−1R(3)+1
2
hij∂iφ∂jφ
)
+
2
κ
(ǫΛ¯+Λ)+ǫV¯ (φ)+V (φ)
]
. (62)
Then we have two possibilities:
1. The spacetime is hyperbolic (ǫ = −1).
In this case Q is
Q = −h1/2
[
2
κ
(−Λ¯ + Λ)− U¯(φ) + U(φ)
]
. (63)
Hence Q is like a classical potential. Its effect is to renormalize the cosmo-
logical constant and the classical scalar field potential, nothing more. The
quantum geometrodynamics is indistinguishable from the classical one. It
is not necessary to require the classical limit Q = 0 because VG = V +Q
already may describe the classical universe we live in.
2. The spacetime is euclidean (ǫ = 1).
In this case Q is
Q = −h1/2
[
2
(
−κ−1R(3)+1
2
hij∂iφ∂jφ
)
+
2
κ
(Λ¯+Λ)+U¯(φ)+U(φ)
]
. (64)
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Now Q not only renormalizes the cosmological constant and the classical
scalar field potential, but also changes the signature of spacetime. The to-
tal potential VG = V +Q may describe some era of the early universe when
it had euclidean signature, but not the present era, when it is hyperbolic.
The transition between these two phases must happen in a hypersurface
where Q = 0, which is the classical limit.
We can conclude from these considerations that if a quantum spacetime
exists with different features from the classical observed one, then it must be
euclidean. In other words, the unique relevant quantum effect which maintains
the non-degenerate nature of the four-geometry of spacetime is its change of
signature to a euclidean one. The other quantum effects are either irrelevant or
break completely the spacetime structure.
4.1.2 Quantum geometrodynamics evolution does not create a non
degenerate four-geometry
In this case, the Poisson bracket {HQ(x),HQ(x′)} does not satisfy Eq. (57) but
is weakly zero in some other way. Let us examine some examples.
1. Real solutions of the Wheeler-DeWitt equation.
For real solutions of the Wheeler-DeWitt equation, which is a real equa-
tion, the phase S is null. Then, from Eq. (46), we can see that Q = −U .
Hence, the quantum super-hamiltonian (55) will contain only the kinetic
term, yielding
{HQ(x),HQ(x′)} = 0. (65)
This is a strong equality. This case is connected with the strong gravity
limit of GR [90, 41]. If we take the limit of large gravitational constant G
(or small speed of light c, where we arrive at the Carroll group [55]), then
the potential in the super-hamiltonian constraint of GR can be neglected
and we arrive at a super-hamiltonian containing only the kinetic term.
The de Broglie-Bohm theory is telling us that any real solution of the
Wheeler-DeWitt equation yields a quantum geometrodynamics satisfying
precisely this strong gravity limit. The classical limit Q = 0 in this case
implies also that U = 0. It should be interesting to investigate further the
structure we obtain here.
2. Non-local quantum potentials.
Any non-local quantum potential breaks spacetime. An explicit example
is given in Ref. [79].
Hence, for general wave functionals, the de Broglie-Bohm picture of quantum
geometrodynamics does not yield a non-degenerate 4-dimensional geometry, in-
dicating the presence of absolute quantities.
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4.2 Solving the singularity problem and the isotropization
of the Universe
In the framework of quantum cosmology in minisuperspace models, non singular
bouncing models have been obtained. Let us examine concretely two examples:
perfect fluids and a free massless scalar field. In the second case, we will extend
mini-superspace in order to contain anisotropic models and show that not only
singularities are avoided but also quantum isotropization of the universe occurs.
4.2.1 Perfect fluid: a Schro¨dinger equation
One can describe fluids within many frameworks, but we will adopt here the
Schutz method [84, 85]. The Schutz’s variables is an implementation of the
degrees of freedom of a fluid, which is described through some potentials. Ap-
plied to quantum cosmology in mini-superspace, it leads to a Schro¨dinger-like
equation, with a time variable associated to the fluid’s potentials. Let us revise
this construction.
In general relativity, the matter lagrangian Lm yields
Tµν =
2√−g
∂Lm
∂gµν
. (66)
Defining Lm = √−gLm, we obtain
Tµν = 2
∂Lm
∂gµν
− gµνLm. (67)
Comparing the expression (67) with the canonical form of the energy-momentum
tensor of a fluid in a FLRW model, which cannot contain heat conduction and
anisotropic pressures, the following identifications can be made:
ρ = 2
∂Lm
∂gµν
− Lm, (68)
p = Lm. (69)
The description given above is quite general. For the case of hydrodynamical
fluids with equation of state p = wρ, Schutz tried to give a more fundamental
description for the fluid Lagrangian, including dynamical degrees of freedom
[84, 85]. He defines the four-velocity of the fluid in terms of velocity potentials
which, in the case of no rotation, reads
uν =
1
µ
(ϕ,ν + θ s,ν). (70)
The functions µ and s describe the specific enthalpy and entropy of the system
specifically, while ϕ and θ are auxiliary quantities. The normalization condition
uµuµ = −1, implies that
µ =
ϕ˙+ θs˙
N
. (71)
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The pressure as a function of s and µ yields he first law of thermodynamics:
dµ = Tds+
1
n
dp, ⇒ ∂p
∂s
|µ = −Tn, ∂p
∂µ
|s = n,
where T denotes the temperature here. Hence one can show that the pressure
p should have the form
p = wp0
(
µ
1 + w
) 1+w
w
exp
[
− s
s0 (w)
]
. (72)
The quantities p0 and s0 are arbitrary constants related to the initial conditions
of the fluid.
The canonical momenta pϕ, ps and pθ can be obtained in the usual way,
yielding for the hamiltonian density, as expected, Hfluid = p/w. One can then
perform the canonical transformation (for details see Ref. [54])
T = −ps exp
(
− s
s0
)
p−(1+w)ϕ p
w
0 s0, (73)
and
ϕN = ϕ+ λs0
ps
pϕ
, (74)
leading to the momenta
p
T
=
p1+wϕ
pw0
exp
(
s
s0
)
, (75)
and
pϕN = pϕ. (76)
As it turns out, these variables are more suitable than the original ones as the
fluid Hamiltonian expressed in terms of them gets the simple form
Hfluid = N
P
T
a3w
. (77)
Combining this perfect fluid hamiltonian with the gravitational hamiltonian
for a FLRW geometry, one gets for the total minisuperspace hamiltonian
H = N
{
−P
2
a
4a
− ka+ PT
a3(w)
}
, (78)
Hence, because one momentum appears linearly in the hamiltonian, the Wheeler-
DeWitt equation assumes the Schro¨dinger form [2, 1, 4]
i
∂
∂T
Ψ =
1
4
{
a(3ω−1)/2
∂
∂a
[
a(3ω−1)/2
∂
∂a
]}
Ψ (79)
where we have chosen the factor ordering in a in order to yield a covariant
Schro¨dinger equation under field redefinitions.
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We now change variables to
χ =
2
3
(1− ω)−1a3(1−ω)/2,
obtaining the simple equation
i
∂Ψ(0)(a, T )
∂T
=
1
4
∂2Ψ(0)(a, T )
∂χ2
. (80)
This is just the time reversed Schro¨dinger equation for a one dimensional free
particle constrained to the positive axis. As a and χ are positive, solutions
which have unitary evolution must satisfy the condition
[
Ψ⋆(0)
∂Ψ(0)
∂χ
−Ψ(0)
∂Ψ⋆(0)
∂χ
]∣∣∣∣∣
χ=0
= 0 (81)
(see Ref. [4] for details).
We will choose the initial normalized wave function
Ψ
(init)
(0) (χ) =
(
8
T0π
)1/4
exp
(
−χ
2
T0
)
, (82)
where T0 is an arbitrary constant. The Gaussian Ψ
(init)
(0) satisfies condition (81).
Using the propagator procedure of Refs. [1, 4], we obtain the wave solution
for all times in terms of a:
Ψ(0)(a, T ) =
[
8T0
π (T 2 + T 20 )
]1/4
exp
[ −4T0a3(1−ω)
9(T 2 + T 20 )(1 − ω)2
]
× exp
{
−i
[
4Ta3(1−ω)
9(T 2 + T 20 )(1− ω)2
+
1
2
arctan
(
T0
T
)
− π
4
]}
. (83)
Due to the chosen factor ordering, the probability density ρ(a, T ) has a non
trivial measure and it is given by ρ(a, T ) = a(1−3ω)/2
∣∣Ψ(0)(a, T )∣∣2. Its continuity
equation coming from Eq. (80) reads
∂ρ
∂T
− ∂
∂a
[
a(3ω−1)
2
∂S
∂a
ρ
]
= 0, (84)
which implies in the dBB theory that
a˙ = −a
(3ω−1)
2
∂S
∂a
, (85)
in accordance with the classical relations a˙ = {a,H} = −a(3ω−1)Pa/2 and
Pa = ∂S/∂a.
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Note that S satisfies the modified Hamilton-Jacobi equation,
∂S
∂T
− a
(3ω−1)
4
(
∂S
∂a
)2
+
a(3ω−1)/2
4R
∂
∂a
[
a(3ω−1)/2
∂R
∂a
]
= 0, (86)
with the quantum potential, given by
Q ≡ −a
(3ω−1)/2
4R
∂
∂a
[
a(3ω−1)/2
∂R
∂a
]
. (87)
Hence, the trajectory (85) will not coincide with the classical trajectory when-
ever Q is comparable with the other terms present in Eq. (86) because S will
be different from the classical Hamilton-Jacobi function.
Inserting the phase of (83) into Eq. (85), we obtain the bohmian quantum
trajectory for the scale factor:
a(T ) = a0
[
1 +
(
T
T0
)2] 13(1−ω)
. (88)
Note that this solution has no singularities and tends to the classical solution
when T → ±∞. Remember that we are in the gauge N = a3ω, and T is related
to conformal time through
NdT = adη =⇒ dη = [a(T )]3ω−1 dT. (89)
The solution (88) can be obtained for other initial wave functions (see Ref. [4]).
An important aspect of this approach to recover a time variable, using the
degrees of freedom of the fluid through the Schutz’s variable, is because a
Schro¨dinger-like equation emerges naturally. There are other ways to obtain
the time evolution from the Wheeler-de Witt equation in mini-superspace. One
example is to use the WKB approach. This has been done, for example, in
Ref. [28] for gravity coupled to a scalar field system. In order to compare both
cases, we must add a radiative fluid to gravity/scalar field system of Ref. [21].
Moreover, since the WKB method is an approximative approach, it may lead
to different predictions. However, a complete study about the possible rela-
tions between different ways of obtaining a time variable, and consequently a
dynamics (Schutz against WKB, for example), is still lacking.
4.2.2 The scalar field: a Klein-Gordon equation with quantum isotropiza-
tion
One of the fluids which may represent the matter content of the very early
Universe is a massless free scalar field, which is equivalent to stiff matter (p = ρ,
sound velocity equal to the speed of light). In a FLRWmodel, the energy density
of such a field (which is an excellent approximation for the very early Universe,
see Ref. [99]) evolves as ρ ∝ a−6(t) and, in the very early Universe when a(t)
becomes small, it dominates over radiation and dust, whose energy densities
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depend on a(t) as a−4(t) and a−3(t), respectively. We will concentrate on this
model now. If this scalar field is not present, radiation will be the dominant
term in the early Universe. Note that a massive or self-interacting scalar field,
obtained by adding a potential term, would not satisfy the stiff matter condition
and the general features of the evolution of the universe would depend on the
form of the potential.
Let us take the lagrangian
L =
√−g
(
R− 1
2
φ,ρφ
,ρ
)
, (90)
where R is the Ricci scalar of the metric gµν with determinant g, and φ is the
scalar field.
For the gravitational part we will take the more general minisuperspace
model given by the homogeneous and anisotropic Bianchi I line element
ds2 = −N2(t)dt2 + exp[2β0(t) + 2β+(t) + 2
√
3β−(t)] dx2 +
exp[2β0(t) + 2β+(t)− 2
√
3β−(t)] dy2 + exp[2β0(t)− 4β+(t)] dz2 .(91)
This line element will be isotropic if and only if β+(t) and β−(t) are constants
[39]. The aim here, besides setting a more general framework for the inves-
tigation of the singularity problem, is to check whether quantum effects can
also make isotropic an anisotropic model which would classically never becomes
isotropic.
Inserting Equation (91) into the action S =
∫
L d4x, supposing that the
scalar field φ depends only on time, discarding surface terms, and performing
a Legendre transformation, we obtain the following minisuperspace classical
Hamiltonian
H =
N
24 exp (3β0)
(−p20 + p2+ + p2− + p2φ) , (92)
where (p0, p+, p−, pφ) are canonically conjugate to (β0, β+, β−, φ), respectively.
We can write this Hamiltonian in a compact form by defining yµ = (β0, β+, β−, φ)
and their canonical momenta pµ = (p0, p+, p−, pφ), obtaining
H =
N
24 exp (3y0)
ηµνpµpν , (93)
where ηµν is the Minkowski metric with signature (−+++). The equations of
motion are the constraint equations obtained by varying the Hamiltonian with
respect to the lapse function N
H ≡ ηµνpµpν = 0 , (94)
and the Hamilton’s equations
y˙µ =
∂H
∂pµ
=
N
12 exp (3y0)
ηµνpν , (95)
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p˙µ = − ∂H
∂yµ
= 0 . (96)
The solution to these equations in the gauge N = 12 exp(3y0) is
yµ = ηµνpνt+ C
µ , (97)
where the momenta pν are constants due to the equations of motion and the C
µ
are integration constants. We can see that the only way to obtain isotropy in
these solutions is by making p1 = p+ = 0 and p2 = p− = 0, which yields solu-
tions that are always isotropic, the usual Friedmann-Robertson-Walker (FRW)
solutions with a scalar field. Hence, there is no anisotropic solution in this model
which can classically become isotropic during the course of its evolution. Once
anisotropic, always anisotropic. If we suppress the φ degree of freedom, the
unique isotropic solution is flat space-time because: in this case the constraint
(94) enforces p0 = 0.
To discuss the appearance of singularities, we need the Weyl square tensor
W 2 ≡WαβµνWαβµν . It reads
W 2 =
1
432
e−12β0(2p0p3+ − 6p0p2−p+ + p4− + 2p2+p2− + p4+ + p20p2+ + p20p2−) . (98)
Hence, the Weyl square tensor is proportional to exp (−12β0) because the p’s are
constants (see Equations (96)), and the singularity is at t = −∞. The classical
singularity can be avoided only if we set p0 = 0. But then, due to Equation
(94), we would also have pi = 0, which corresponds to the trivial case of flat
space-time. Therefore, the unique classical solution which is non-singular is the
trivial flat space-time solution.
The Dirac quantization procedure yields theWheeler-DeWitt equation through
the imposition of the condition
HˆΨ = 0 , (99)
on the quantum states, with Hˆ defined as in Equation (94). Using the substi-
tutions
pµ → −i ∂
∂yµ
, (100)
equation (99) reads
ηµν
∂2
∂yµyν
Ψ(yµ) = 0 . (101)
For the minisuperspace we are investigating, the guidance relations in the
gauge N = 12 exp(3y0) are (see Equations (95))
pµ =
∂S
∂yµ
= ηµν y˙
ν , (102)
where S is the phase of the wave function.
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Let us investigate spherical-wave solutions of Equation (101). They read
Ψ1 =
1
y
[
f(y0 + y) + g(y0 − y)
]
, (103)
where y ≡
√∑3
i=1(y
i)2.
The guidance relations (102) are
p0 = ∂0S = Im
(
∂0Ψ1
Ψ1
)
= −y˙0 , (104)
pi = ∂iS = Im
(
∂iΨ1
Ψ1
)
= y˙i , (105)
where S is the phase of the wave function. In terms of f and g the above
equations read
y˙0 = −Im
(
f ′(y0 + y) + g′(y0 − y)
f(y0 + y) + g(y0 − y)
)
, (106)
y˙i =
yi
y
Im
(
f ′(y0 + y)− g′(y0 − y)
f(y0 + y) + g(y0 − y)
)
, (107)
where the prime means derivative with respect to the argument of the functions
f and g, and Im(z) is the imaginary part of the complex number z.
From Eqs. (106) and (107) we obtain that
dyi
dyj
=
yi
yj
, (108)
which implies that yi(t) = cijy
j(t), with no sum in j, where the cij are real
constants, cij = 1/c
j
i and c
1
1 = c
2
2 = c
3
3 = 1. Hence, apart some positive
multiplicative constant, knowing about one of the yi means knowing about
all yi. Consequently, we can reduce the four Eqs. (106) and (107) to a planar
system by writing y = C|y3|, with C > 1, and working only with y0 and y3, say.
The planar system now reads
y˙0 = −Im
(
f ′(y0 + C|y3|) + g′(y0 − C|y3|)
f(y0 + C|y3|) + g(y0 − C|y3|)
)
, (109)
y˙3 =
sign(y3)
C
Im
(
f ′(y0 + C|y3|)− g′(y0 − C|y3|)
f(y0 + C|y3|) + g(y0 − C|y3|)
)
. (110)
Note that if f = g, y3 stabilizes at y3 = 0 because y˙3 as well as all other time
derivatives of y3 are zero at this line. As yi(t) = cijy
j(t), all yi(t) become zero,
and the cosmological model isotropizes forever once y3 reaches this line. Of
course one can find solutions where y3 never reaches this line, but in this case
there must be some region where y˙3 = 0, which implies y˙i = 0, and this is an
isotropic region. Consequently, quantum anisotropic cosmological models with
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f = g always have an isotropic phase, which can become permanent in many
cases.
As a concrete example, we have examined the case where f = −g is a
Gaussian in Ψ1 given in Equation (103). The bohmian trajectories have been
obtained numerically in Ref. [20], obtaining realistic cosmological models with-
out singularities (in fact, periodic Universes), with expanding phases (increas-
ing β0) with isotropic phases which can be made arbitrarily large in the region
|φ| >> |β0|. Hence, what was classically forbidden (a nonempty, nonsingular
anisotropic model, which become isotropic in the course of its evolution) is pos-
sible within the bohmian quantum dynamics described above. See Ref. [20] for
details.
The simpler isotropic case with a scalar field was also studied, see Ref. [21],
and bohmian trajectories are also non-singular. We will return to this example
in the next section.
4.2.3 Perfect fluids with other degrees of freedom
In the same framework of a time variable selected from a hydrodynamical perfect
fluid, we will now discuss some complications related to the addition of new
degrees of freedom, either gravitational or non-gravitational:
1. In the case of a multi-fluid model, how to select a unique time coordinate?
2. How to treat a scalar-tensor theory and anisotropic models?
Multi-fluid models
The multi-fluid model has been treated in Ref. [80], by introducing radiation
and dust matter in the Hamiltonian description. Both the conjugate momenta
associated to dust and radiation appear linearly in the Hamiltonian, which reads,
H = − p
2
a
2 a
+
pη
a
+ pφ, (111)
where pη is related to the radiation fluid and pφ to dust. The Schro¨dinger-like
equation reads: (
1
24 a
∂2
∂a2
− i
a
∂
∂η
− i ∂
∂φ
)
Ψ(a, η, φ) = 0. (112)
The radiation fluid variable was chosen as the time coordinate, for the simple
reason that the classical solution takes a closed form using the conformal time
coordinate, which is naturally linked to the radiation fluid variable. Our choice
thus refers to the classical scenario, but of course any choice could be made,
which would probably lead to inequivalent predictions. This is something yet
to be checked.
In Ref. [80], two possibilities were explored: the wave function is an eigen-
state of the dust matter operator, such that pˆφ|Ψ >= pφ|Ψ >; or the wave
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function is a superposition of the dust operator eigenstate, such that dust is not
conserved separately. In both cases there are bohmian bouncing non singular
solutions. However, when the wave function is an eigenstate of the dust oper-
ator, the evolution is not unitary, while the superposition of matter eigenstate
recovers unitarity and, at the same time, allows a conversion of exotic matter
into ordinary one, leading to a natural transition to the classical scenario.
Anisotropic models
The problem of a non-unitary evolution of the wave function of the universe
when a perfect fluid is present appears in many other contexts in quantum
cosmology. One important situation is the case of anisotropic universes. In that
case, taking the Bianchi I model described above, the resulting Schro¨dinger like
equation reads, (
∂2
∂β20
− ∂
2
∂β2+
− ∂
2
∂β2−
)
Ψ = −24∂Ψ
∂T
. (113)
This Schro¨dinger-like equation admits a simple solution:
Ψ = C±ei(k+β++k−β−)J±ν
(√
24E
r
ar
)
, (114)
where C±, k± are integration constants, E corresponds to the energy eigenvalue,
ν = ikr and r =
3
2 (1− α).
This nice solution has one problem: it corresponds to a non-unitary evo-
lution of the system. In fact, constructing the wave packet, its norm is time-
dependent. Hence, no prediction using the many-world interpretation can be
obtained. However, as it happens in the multi-fluid case, predictions can be
made by calculating the bohmian trajectories. This analysis has been per-
formed in Ref. [3], integrating numerically the differential equations related to
the bohmian trajectories. The results indicate a singularity-free, anisotropic
universe that becomes isotropic asymptotically. However, the violation of the
unitarity condition seems to be a general feature of anisotropic quantum cos-
mological models with a perfect fluid.
In Ref. [60] other anisotropic models where the time variable has been
established by the Schutz formalism have been studied. In particular, Bianchi
V and IX models have been considered. In general, again the wave function has
no unitary evolution. The explicit case of Bianchi V model, filled with a fluid
with equation of state such that ωx = −1/3 (a fluid formed by cosmic strings),
has been solved completely, revealing the existence of a bounce, approaching
the classical behaviour asymptotically. In the asymptotic regime, the unitarity
of the wave function is recovered.
Anisotropic quantum models in cosmology have been studied in many dif-
ferent contexts. Classically, it has been shown in Ref. [56] that such models
generically contains singularities. To give an example of the classical features re-
lated to the presence of anisotropies, we may evoke the results of Ref. [11], where
a non-singular isotropic solution has been obtained from the bosonic sector of
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the 5-dimensional supergravity theory. Such solution is plagued with instabili-
ties, but the introduction of anisotropy in the model may cure this instability
problem leading, on the other hand, to the emergence of singularities. Even at
the semi-classical level, anisotropic models are problematic. Some discussions
on particle production in anisotropic cosmological models can be found, for ex-
ample, in Ref. [15]. The divergences which arise at the quantum level are in
general more serious than in the isotropic case, and the loss of unitarity seems
to be a general feature. This affects, as far as we know, all classes of anisotropic
cosmological models, including the Kantowski-Sachs model, which are, however,
very important in quantum gravity models. In Loop Quantum Cosmology, as
another example, some isotropic cases reveal non-singular solutions, while the
corresponding Bianchi I models are plagued with instabilities, asking perhaps
for a full quantum approach [67].
All the problems described above are related to the non-canonical form of
the kinetic term appearing in the equation which governs the dynamics of the
wave function. If the kinetic term is quadratic in the momenta with euclidian
metric, these issues do not appear. We will see more consequences of this kind
of situation in the next section.
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5 Comparison with other interpretations
5.1 The many-worlds theory
In the many worlds-theory, all possibilities are realized. Hence, one needs a
measure that indicates the most frequent realizations, if any, in order to give
some predictive power to the theory. We have discussed this problem in section
3, where we have shown that this is an open question already when the quantum
state evolves according to a Schro¨dinger like equation, and the goal is to show
that this measure should be given by the Born rule.
Due to the issue of time discussed in section 2, it is not easy to put the
Wheeler-DeWitt equation in a Schro¨dinger form, which makes it difficult to
envisage a measure for the possible realizations of the Universe in general.
See eg in CKiefers book or other recent in quantum cosmology, on retrieving
Hamilton Jacobi (HJ) equations, WKB limit, the induced Schrodinger equation,
a relation between identifying a point basis vectors in the quantum setting, in-
teraction terms between modes expressed in a density matrix framework, and as
they decohere as univ expands (naturally), the (semi)classical universe emerges.
Usually one relies in a WKB approximation in order to define a measure
[35]. Probabilities can only be assigned in the semiclassical limit, when ge-
ometry becomes classical and we can recover a Schro¨dinger-like equation for
the matter fields in a classical background gravitational field [30]. Decoherence
plays an important role in this framework, where interference between the many
branches are eliminated. These ideas can also be applied to the description of
the evolution of cosmological perturbations of quantum mechanical origin in
classical Friedman models and their classicalization when the Universe expands
[50]. We will return to this problem in section 6. However, questions concerning
the existence of singularities cannot be answered in this approximation because
they go beyond the semi-classical limit.
For the dBB approach, the existence of a measure is not crucial because the
dBB quantum theory is not essentially probabilistic, as discussed in section 3:
the bohmian trajectories can be calculated without recurring to any probabilistic
notion. Then we can see whether these trajectories are singular or not.
A comparison between the predictions of both quantum theories concerning
the existence of singularities can be made only when a measure can be naturally
postulated in the MW framework in the full quantum regime. We will focus
on the situation already discussed in section 4 where a time variable can be
defined when matter is described by a perfect hydrodynamical fluid, and one
naturally obtains a Schro¨dinger-like equation with its natural Born measure.
A MW interpretation for this kind of system was first discussed in Ref. [91].
Note, however, that in the case of a perfect fluid with extra degrees of freedom,
problems of unitarity can appear, as discussed in the preceding section, and the
MW theory cannot be used in these cases either.
In this subsection we will discuss what kind of information one can extract
from a given quantum state of the Universe in the framework of the dBB and
MW theories in the above-mentioned situations where both theories can be
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used. We will show that both approaches (dBB and MW) lead to the same
time evolution of bohmian trajectories and mean values, respectively, when the
kinetic term of the hamiltonian constraint is quadratic in the momenta and the
eigenvalues of its metric have all the same sign. This assure that the evolution
of the quantum state is unitary. However, the meaning of the MW mean values
is quite problematic in quantum cosmology. We will discuss this issue in the
following.
As we have shown in section 4, the Schro¨dinger-like equation for quantum
cosmology with a perfect fluid reads,
i
∂Ψ(χ, T )
∂T
=
1
4
∂2Ψ(χ, T )
∂χ2
, (115)
where
χ ≡ 2
3
(1− ω)−1a3(1−ω)/2,
and the resulting quantum state calculated in section 3 is given by (83).
The Schro¨dinger Eq. (115) has a kinetic term with metric with definite
signature (it is one dimensional). Hence the evolution is unitary and we can
construct the usual Schro¨dinger measure in order to evaluate expectation values
in the framework of the many-worlds theory. Due to the chosen factor ordering,
the mean value of any operator Oˆ can be computed using the prescription (in
the a representation),
< Oˆ >=
∫∞
0
a1−3ωΨ∗ OˆΨ da∫∞
0
a1−3ωΨ∗Ψ da
. (116)
In the case of the scale factor itself one gets
< a >=
[
1 +
(
T
T0
)2] 13(1−ω)
. (117)
As calculated in section 3, the bohmian trajectory reads
a(T ) = a0
[
1 +
(
T
T0
)2] 13(1−ω)
. (118)
The main difference of the two results is that the bohmian trajectory de-
pends on the arbitrary constant a0, which is the value of the scale factor at the
bounce, while the mean value does not. This is because the mean value can
also be calculated in the dBB approach by integrating the ensemble of bohmian
trajectories corresponding to each value of a0 using the quantum state evaluated
at the moment of the bounce as its probability distribution,
< a >=
[
1 +
(
T
T0
)2] 13(1−ω) ∫ ∞
0
a1−3ω0 Ψ
∗(a0, T = 0) a0Ψ(a0, T = 0) da0,
(119)
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yielding the result (117).
If one raises the question concerning the presence of an initial singularity,
one can assert with certainty within the dBB theory that they are eliminated
because there is no quantum bohmian trajectory which is singular. However,
in the MW theory, we cannot arrive at the same conclusion: the mean value
is not singular, but there may exist worlds in which the scale factor vanishes.
Hence, although the dynamics looks like the same, the physical conclusions one
can obtain from the two theories are rather different.
5.2 The consistent histories approach
In contrast to what have been shown in the present review, it has been claimed
in some recent papers (some few examples are Refs. [19, 7, 8, 9, 10]) that the
Wheeler-DeWitt approach to quantum cosmology does not solve the singularity
problem of classical cosmology. This claim is usually based on calculations on a
very simple model, namely, a free massless scalar field in Friedmann models, one
of the models discussed in section 4, and the quantization program which was
carried out on those papers is very particular: the Wheeler-DeWitt equation of
these models is a Klein-Gordon like equation, and the procedure is to extract
a square root of it and work in a single frequency sector. Note that this is not
mandatory, and there are other ways to deal with the Klein-Gordon equation
working with the two frequency sectors with a well defined inner product, as it
can be seen in Refs. [36, 37]. Finally, most of these references do not identify
which interpretation of quantum cosmology has been used.
In this subsection, we will focus on Ref. [19], where the interpretation adopted
was precisely defined, the consistent histories approach, and the conclusion was
that, if one takes family of histories with properties defined in just two moments
of time, the infinity past and the infinity future, then the probability of a quan-
tum bounce is null for any state. This was a remarkable result, in contradiction
with the results presented in section 4 and in Ref. [21], where the dBB quan-
tum theory was used. Our aim here is to discuss the results of Ref. [19] with
care, and contextualize it in the framework of the de Broglie-Bohm theory, and
other quantization techniques, as the two frequencies (Klein-Gordon) approach
of Ref. [36, 37], in order to understand this discrepancy of results.
We will first show that, in the single frequency approach using the consistent
histories interpretation, families of histories containing properties defined in one
or more moments of time, besides properties defined in the infinity past and in
the infinity future, are no longer consistent, unless one takes semi-classical states,
which of course corresponds to histories without a bounce. This means that in
the framework of these families of histories one cannot answer whether quantum
bounces take place because histories involving any genuine quantum states are
inconsistent. Hence, the consistent histories approach is silent about quantum
bounces happening in family of histories with more than two moments of time.
Furthermore, we will show that in the induced Klein-Gordon approach, there
are no consistent family of histories involving genuine quantum states. Again,
the question about the existence of quantum bounces has no meaning in the
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induced Klein-Gordon approach.
On the contrary, if one considers the de Broglie-Bohm theory, where trajec-
tories in configuration space are considered to be objectively real, one can show
that in the two quantization procedures mentioned above, there exist plenty
of non-singular bouncing trajectories which goes to the classical cosmological
trajectories when the volume of the universe is big. Hence, the existence of
quantum bounces in the Wheeler-DeWitt approach depends strongly on the
quantum interpretation one is adopting, and on the quantization procedure one
is taking. In the end of this subsection we will discuss the physical reasons and
consequences of this discrepancy.
As we are considering an isotropic and homogeneous model, the correspond-
ingWheeler-DeWitt equation can be read from Eq. (101) by freezing the anisotropic
degrees of freedom y1 and y2, and writing α = y0 and φ = y3:(
∂2φ − ∂2α
)
Ψ(α, φ) = 0, (120)
defined on the kinematical Hilbert space L2(R2, dαdφ).
In order to define a probability measure, the standard procedure is to sep-
arate the positive and negative frequency modes and quantize them indepen-
dently. Taking the square-root of the constraint, we get
±i∂φΨ(α.φ) =
√
Θ Ψ(α, φ), (121)
with
Θ := −∂2α. (122)
The action of
√
Θ is best seen on Fourier space. Consider the set of eigen-
functions
ek(α) =< k|α >= 1√
2π
eikα, (123)
such that Θ ek = ω
2ek, with
ω := |k|. (124)
Restricting to the positive frequency sector, evolution is given by the propagator
U(φ− φ0) = ei
√
Θ(φ−φ0). (125)
The physical scalar product is given by
< Φ|Ψ >:=
∫
φ=φ0
dα Φ¯(α, φ)Ψ(α, φ), (126)
and it is independent of the time φ0 on which it is defined. Positive and negative
frequency sectors are orthogonal with respect to this scalar product.
We will now construct the set of histories and the corresponding decoher-
ence functional, as discussed in section 3. Following Hartle’s approach [29] we
are interested in defining a decoherence functional for a set of histories. The
decoherence functional is defined as
d(h, h′) := 〈Ψh′ |Ψh〉, (127)
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where the branch wave function is given by
Ψh := C
†
h|Ψ〉. (128)
In the above formula, Ψ is a given initial state and Ch is the class operator
defining the history h, given by a product of projectors
Ch := P
O1
∆λk1
(t1)...P
On
∆λkn
(tn), (129)
where PO∆λk(t) projects onto the subspace for which the kth eingenvalue of the
observable O at time t takes values in the interval ∆λk. Here we are using
Heisenberg operators for the projectors
PO∆λk(t) := U
†(t)PO∆λkU(t). (130)
For the present case, we consider the observable given by the scale factor a,
or α, with relational time φ, and we will denote projectors simply by P∆αi(φi).
The time independent projector is given explicitly by
P∆α =
∫
∆α
dα|α〉〈α|, (131)
where the ket |α〉 is defined in (123), and the normalization is such as to make
this basis orthonormal.
The set of histories considered in [19] are composed by two times, corre-
sponding to the past infinity (φ → −∞) and to the future infinity (φ → +∞).
The histories are separated in those where α is bigger or smaller than a given
fixed fiducial value α∗. Hence, ∆α is the interval (−∞, α∗) and ∆¯α is its comple-
ment. The indices (1, 2) below designate different fiducial values for α, α∗1 and
α∗2. There are four possible histories according to these possibilities, described
by the following class operators
CS−S(−∞,∞) = P∆α1(−∞)P∆α2(∞)
CS−B(−∞,∞) = P∆α1(−∞)P∆¯α2(∞)
CB−S(−∞,∞) = P∆¯α1(−∞)P∆α2(∞)
CB−B(−∞,∞) = P∆¯α1(−∞)P∆¯α2(∞)
where S and B subscripts denote, respectively, the domains of the scale factor
arbitrarily close to the singularity or arbitrarily big.
Let us now check whether this set of histories is consistent. Noting that
P∆αP∆¯α = 0, the only non-trivial terms are d(hS−B, hB−B) and d(hS−S , hB−S).
Consider for example the first of these terms
d(hS−B, hB−B) = 〈Ψ|P∆¯α1(φ1)P∆¯α2(φ2)P∆α1(φ1)|Ψ〉. (132)
As a first step, let us study the behavior of P∆α(φ)|Ψ〉 and P∆¯α(φ) for φ→ ±∞.
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We borrow the results without proof from [19]. We have that
lim
φ→+∞
P∆α(φ)|Ψ〉 = |ΨL〉
lim
φ→−∞
P∆α(φ)|Ψ〉 = |ΨR〉
lim
φ→+∞
P∆¯α(φ)|Ψ〉 = |ΨR〉
lim
φ→−∞
P∆¯α(φ)|Ψ〉 = |ΨL〉.
(133)
In the equation above we have used the left/right-moving decomposition of
the wave function
Ψ(α, φ) =
1√
2π
∫
R
dkΨ(k)eikαeiωφ
∝
∫ 0
−∞
dkΨ(k)eik(α−φ) +
∫ ∞
0
dkΨ(k)eik(α+φ) =
= ΨR(vr) + ΨL(vl), (134)
where vr := α− φ, vl := α+ φ.
Since right and left moving sectors are orthogonal, the term in (132) is zero,
as is the other term, and the decoherence functional is diagonal for this set of
histories.
Craig and Singh ([19]) go on and recalculate the probabilities of the four
histories. They show that CB−B|Ψ〉 = 0 (and also that CS−S |Ψ〉 = 0) for any
state |Ψ〉, and hence the probability for a non-singular bouncing model is zero.
5.2.1 Histories with three times
Let us now see whether we can obtain a family of consistent histories when we
ask about properties concerning the size of the universe in a third moment of
time between φ1 → −∞ and φ2 → +∞. Thus we want to address the question
whether in an arbritary intermediary φ time the scale factor of the universe is
in the interval (−∞, α∗), or on its complement [α∗,∞).
The new family has now eight histories associated with the following class
operators
CS−∆α−S(φ1, φ, φ2) = P∆α1(φ1)P∆α(φ)P∆α2 (φ2),
CS−∆¯α−S(φ1, φ, φ2) = P∆α1(φ1)P∆¯α(φ)P∆α2 (φ2),
CS−∆α−B(φ1, φ, φ2) = P∆α1(φ1)P∆α(φ)P∆¯α2(φ2),
CS−∆¯α−B(φ1, φ, φ2) = P∆α1(φ1)P∆¯α(φ)P∆¯α2(φ2),
CB−∆α−S(φ1, φ, φ2) = P∆¯α1(φ1)P∆α(φ)P∆α2 (φ2),
CB−∆¯α−S(φ1, φ, φ2) = P∆¯α1(φ1)P∆¯α(φ)P∆α2 (φ2),
CB−∆α−B(φ1, φ, φ2) = P∆¯α1(φ1)P∆α(φ)P∆¯α2(φ2),
CB−∆¯α−B(φ1, φ, φ2) = P∆¯α1(φ1)P∆¯α(φ)P∆¯α2(φ2) (135)
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with S and B having the same meaning as before.
Each of these class operators is associated with a particular history. For
instance, the class operator CS−∆α−B(φ1, φ, φ2) is associated with the history
where the universe was singular at φ1 → −∞, has a size in a domain ∆α at the
finite time φ, and it will be infinitely large at φ2 →∞.
One must now see whether this new family with eight histories is consistent
or not. As we have seen above, one must calculate the decoherence functional
d(h, h′) for the histories associated with the class operators shown in Eq. (135).
It is easy to show that, in general, d(h, h′) is not approximately zero. This
was done in Ref. [76]. The final result for this off-diagonal term of the decoher-
ence functional is
d(hS−∆¯α−B, hS−∆α−B) ∝ −ip.v.
∫ ∞
α∗−φ
dvr
∫ α∗−φ
−∞
dv′′r
[
Ψ(vr)Ψ
∗(v′′r )
v′′r − vr
]
, (136)
which is not null in general. Due to the disjoint domains of integration, this
result can be approximately zero if and only if Ψ(vr) is concentrated around
some fixed value of vr. The classical trajectories are given by vr = const or vl =
const. Therefore, a wave function sharply concentrated around some fixed value
of vr must describe a semiclassical state. It is straightforward to show that other
off-diagonal terms of the decoherence functional, e.g., d(hB−∆α−S , hB−∆¯α−S),
are approximately zero only if the wave function Ψ(vl) is concentrated around
the other class of classical trajectories vl = const.
Concluding, the family of histories described by the class operators (135)
can be made consistent only for semiclassical states. In that case, of course,
the probability of occurrence of a quantum bounce is null, as before, but the
reason for that comes from the fact that we are not allowed to calculate proba-
bilities in a family of cosmological histories where quantum effects are relevant.
Probabilities are calculable only for semiclassical histories, where bounces can-
not occur. More generally, if quantum effects are important in any family of
cosmological histories then, under the consistent histories approach, one cannot
ask questions about properties of the Universe at an arbitrary finite φ. This is
of course a limitation on the applicability of the consistent histories approach
to cosmology, at least for the present simple model. We are simply prohibited
to study the quantum properties of a cosmological model, unless one considers
just two moments of its history, at φ±∞, and nothing more than that.
Let us now see the case where the two frequencies sectors are considered.
5.2.2 The Klein-Gordon Approach
In the Wheeler-De Witt equation for a free massless scalar field, one can define
its square-root and construct a Schro¨dinger-like equation as we have discussed
above. However, there are other quantization schemes where the restriction to
a single frequency sector is not necessary. A promising alternative approach to
quantum cosmology using the consistent histories quantization is to consider the
full Klein-Gordon equation. In this approach both energy sectors, positive and
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negative, are simultaneously taken into account but the Hilbert space is defined
with a different inner product (see [37] and references therein).
Following closely Ref. [36], one can define the eigenstates associated to the
position operator as
|x〉 = 1√
2π
∫ ∞
−∞
dk
2|k| e
i|k|φ−ikα|k+〉
+
1√
2π
∫ ∞
−∞
dk
2|k| e
−i|k|φ−ikα|k−〉
= |x+〉+ |x−〉 , (137)
where |k±〉 are eigenstates of the kˆ operator such that kˆ|k±〉 = k|k±〉 and
kˆ0|k±〉 = ±|k| |k±〉. Note that the position eigenstates are not orthogonal, i.e.
〈x|x′〉 = G(+)(x, x′) +G(−)(x, x′)
where
G(±)(x, x′) :=
1
2π
∫ ∞
−∞
dk
2|k| e
∓i|k|(φ−φ′)±ik(α−α′) , (138)
are respectively the positive and negative Wightman functions. The positive
and negative position eigenstates satisfy a completeness relation that reads
11 = i
∫
dα
(
|x+〉←→∂ φ〈x+| − |x−〉←→∂φ 〈x−|
)
.
Given these position eigenstates we can define the induced Klein-Gordon
inner product as
(Ψ,Φ) := i
∫
dα
(
Ψ∗+
←→
∂φΦ+ −Ψ∗−
←→
∂φΦ−
)
(139)
where Ψ±(α, φ) denotes the positive (negative) frequency solutions of the Klein-
Gordon equation which are given by the projection of the wave function in the
position eigenstates. Recalling that vl = α+ φ and vr = α− φ, we have
Ψ+(φ, α) = 〈x+|Ψ〉
=
1√
2π
[∫ ∞
0
dk eikvrΨ+(k) +
∫ 0
−∞
dk eikvlΨ+(k)
]
=Ψr+(vr) + Ψ
l
+(vl) (140)
and
Ψ−(φ, α) = 〈x−|Ψ〉
=
1√
2π
[∫ ∞
0
dk eikvlΨ−(k) +
∫ 0
−∞
dk eikvrΨ−(k)
]
=Ψr+(vr) + Ψ
l
+(vl) (141)
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with
Ψ±(k) =
〈k±|Ψ〉
2|k| . (142)
One of the key features of this inner product is that for an arbitrary wave
function the quantity
(Ψ,Ψ) = i
∫
dα
(
Ψ∗+
←→
∂φΨ+ −Ψ∗−
←→
∂φΨ−
)
= 2
∫ ∞
−∞
dk|k|
(∣∣Ψ+(k)∣∣2 + ∣∣Ψ−(k)∣∣2) , (143)
is positive definite.
Once again we shall be interested in calculating the probability of the uni-
verse in a given time (φ) to have a size within the range ∆ or in its complement
∆¯. For a given initial state Ψ(φ, α), we can construct the decoherence functional
for a set of histories as proposed in Ref. [36] and then take the limit of infinite
past φ1 → −∞ and infinite future φ2 → +∞.
The off-diagonal terms of decoherence between histories that cross the sur-
face φ =const. within region ∆ or in ∆¯ is given by
D(∆, ∆¯) =
∫
∆
dα
∫
∆¯
dα′
[
Ψ∗+(α
′, φ′)
←→
∂φ′G
(+)(α′, φ′;α, φ)
←→
∂φΨ+(α, φ)
+ Ψ∗−(α
′, φ′)
←→
∂φ′G
(−)(α′, φ′;α, φ)
←→
∂φΨ−(α, φ)
]
. (144)
Omitting the negative frequency terms and defining the region ∆ = (−∞, α∗)
we have
D(∆, ∆¯) =
∫ α∗
−∞
dα
∫ ∞
α∗
dα′
[
Ψ∗+(α
′, φ′)∂φ′G(+)(α′, φ′;α, φ)∂φΨ+(α, φ) +
Ψ+(α, φ)∂φG
(+)(α′, φ′;α, φ)∂φ′Ψ∗+(α
′, φ′)−
Ψ∗+(α
′, φ′)Ψ+(α, φ)∂φ∂φ′G(+)(α′, φ′;α, φ) +
G(+)(α′, φ′;α, φ)∂φ′Ψ∗+(α
′, φ′)∂φΨ+(α, φ)
]
, (145)
where in our specific case, the Green functions G(±) eq. (138) read
G(±) =
1
2π
{∫ ∞
0
dk
2|k|e
±ik(vr−v′r) +
∫ 0
−∞
dk
2|k| e
±ik(vl−v′l)
}
. (146)
In Ref. [76] Eq. (145) has been evaluated term by term. The integral∫ ∞
0
dk′′
k′′
(k′′ − k′)(k′′ − k) , (147)
has been obtained, which has an ultra-violet logarithmic divergence at infinity,
and the integral ∫ ∞
0
dk′′
k′′(k′′ − k′)(k′′ − k) , (148)
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was also obtained, which now presents an infra-red logarithmic divergence at the
origin. The crucial point is that these are different divergencies which cannot
cancel each other out. In this way, the decoherence functional cannot be made
diagonal, and hence we cannot construct consistent histories.
In fact, one could have anticipated this result. Note that the Wheeler-
DeWitt equation we are considering is completely analogous to the Klein-Gordon
equation for a massless relativistic particle. However, as pointed out in Ref. [36],
where the decoherence functional was constructed for a massive relativistic parti-
cle, it was observed that the off-diagonal terms D(∆, ∆¯) may become negligible
only if the region ∆ and its complement are much larger than the Compton
wavelength m−1 of the particle. If we naively take the limit m→ 0, there is no
region ∆ in which the off-diagonal terms can become negligible. Note, however,
that the m → 0 limit of a Klein-Gordon particle is tricky and subtle. That
is why we have constructed the decoherence functional for the equivalent of a
massless scalar field from the beginning.
The conclusion is that in this approach we are stuck. Are there any other
approaches to quantum cosmology where one can go further? Note that if
one applies the de Broglie-Bohm quantum theory to the same problem, one
can obtain information about the behavior of the early universe, and bohmian
bouncing trajectories appear in many circumstances. We will show now that
these bohmian trajectories are non-singular.
5.2.3 The de Broglie-Bohm approach
From the Wheeler-DeWitt equation
−∂
2Ψ
∂α2
+
∂2Ψ
∂φ2
= 0 . (149)
we get the two real equations
−
(
∂S
∂α
)2
+
(
∂S
∂φ
)2
+Q(qµ) = 0 , (150)
∂
∂φ
(
R2
∂S
∂φ
)
− ∂
∂α
(
R2
∂S
∂α
)
= 0 , (151)
where the quantum potential reads
Q(α, φ) :=
1
R
[
∂2R
∂α2
− ∂
2R
∂φ2
]
. (152)
The guidance relations are
∂S
∂α
= −e
3αα˙
N
, (153)
∂S
∂φ
=
e3αφ˙
N
. (154)
43
We can write equation Eqs. (150) in null coordinates,
vl :=
1√
2
(α+ φ) α :=
1√
2
(vl + vr)
vr :=
1√
2
(α− φ) φ := 1√
2
(vl − vr) (155)
yielding, (
− ∂
2
∂vl∂vr
)
Ψ(vl, vr) = 0 . (156)
The general solution is
Ψ(u, v) = F (vl) +G(vr) , (157)
where F and G are arbitrary functions. Using a separation of variable method,
one can write these solutions as Fourier transforms given by
Ψ(vl, vr) =
∫ ∞
−∞
dkU(k) eikvl +
∫ ∞
−∞
dkV (k) eikvr , (158)
with U and V also being two arbitrary functions. If one restricts the wave
function Eq. (158) to left or right moving components only, the R function will
necessarily be a function of either vl or vr, and hence the quantum potential
will be null (see Eq. (152)). In this case, only classical trajectories, which are of
course singular, are allowed. This is a trivial proof that avoidance of singularities
is possible if and only if the wave function Eq. (158) depends on both left and
right moving components.
Under restriction to positive frequency solutions, one gets a subclass of the
general solution Eq. (158)
Ψ(vl, vr) =
∫ ∞
0
dkΨ(k) eikvl +
∫ 0
−∞
dkΨ(k) eikvr . (159)
Given an arbitrary wave function Ψ(vl, vr), the phase S can be written in
terms of the wave function and its complex conjugate as
S =
i
2
ln(Ψ∗Ψ)− i ln(Ψ) . (160)
Using this result in the guidance relations Eq.’s (153) and (154), one obtains
that
dα
dφ
= −∂S/∂α
∂S/∂φ
= −
(
Ψ
∂Ψ∗
∂α
−Ψ∗ ∂Ψ
∂α
)(
Ψ
∂Ψ∗
∂φ
−Ψ∗ ∂Ψ
∂φ
)−1
(161)
For the particular case of the positive frequency restriction given in Eq. (159),
we have
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dα
dφ
= −∂S/∂α
∂S/∂φ
= −
{∫ ∞
0
dk
∫ ∞
0
dk′
[
Ψ(k)Ψ∗(k′) eivl(k−k
′) −Ψ(−k)Ψ∗(−k′) e−ivr(k−k′)
]
(k + k′)
−
[
Ψ(−k)Ψ∗(k′) e−ivrk e−ivlk′ −Ψ(k)Ψ∗(−k′) eivlk] eivrk′
]
(k − k′)
}/
{∫ ∞
0
dk
∫ ∞
0
dk′
[
Ψ(k)Ψ∗(k′) eivl(k−k
′) +Ψ(−k)Ψ∗(−k′) e−ivr(k−k′)
+Ψ(−k)Ψ∗(k′) e−ivrk e−ivlk′ +Ψ(k)Ψ∗(−k′) eivlk] eivrk′
]
(k + k′)
}
. (162)
Let us analize Eq. (162) in the limits vr → ±∞ or vl → ±∞. When vr →
±∞, the integrals involving ∫∞0 dkΨ(k) eivrk, ∫∞0 dkkΨ(k) eivrk correspond to a
Fourier transform of square integrable functions which are null when evaluated
at vr → ±∞. Hence we obtain from Eq. (162), in this limit, that
dα
dφ
= −1 ⇒ α+ φ = vl = const . (163)
For vl → ±∞, an analogous reasoning yields
dα
dφ
= 1 ⇒ α− φ = vr = const . (164)
Hence, in the regions vr → ±∞ and vl → ±∞, the bohmian trajectories
emerging from Eq. (162) are the classical trajectories, irrespectively of the wave
function.
We will now see, however, that there are a huge class of states where the
bohmian trajectories are not classical in other regions of the (α, φ) plane. For
instance, when Ψ(k) is even on k, Eq. (162) reads
dα
dφ
= −i
∫∞
0 dk
∫∞
0 dk
′Ψ(k)Ψ∗(k′) eiφ(k−k
′){sin[α(k − k′)](k + k′) + sin[α(k + k′)](k − k′)}∫∞
0 dk
∫∞
0 dk
′Ψ(k)Ψ∗(k′) eiφ(k−k′){cos[α(k − k′)] + cos[α(k + k′)]}(k + k′) .
(165)
Note that Eq. (165) is anti-symmetric under the change α → −α and also
dα/dφ = 0 at α = 0. Consequently, the bohmian trajectories that start at
vr → ∞ (infinitely big universe) cannot cross the line α = 0 and goes to the
singularity at vr → −∞ in the same way as the classical trajectories do. These
bohmian trajectories are non-singular. On the other hand, if they start at the
singularity in vl → −∞, they cannot become infinitely big at vl →∞.
Note that this result is in opposition to the consistent histories conclusion.
As just argued, there is no single trajectory that can start infinitely big in the
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far past and goes to a singularity in the far future or the reverse because the
line α = 0 cannot be crossed, and these are exactly the only histories that
the CH approach claims to have non-null probability. Also, it is certain that
there exist non-singular bohmian trajectories, which describe exactly what the
consistent histories approach has claimed to be impossible, namely, universe
histories that start infinitely big in the far past and go infinitely big also in
the far future. In fact, the even states shown above within the de Broglie-
Bohm scenario violate the consistent histories description for all trajectories:
the bohmian trajectories describe exactly what the consistent histories approach
has claimed to be impossible.
One can also obtain bounces in the situation where Ψ(k) is not only even on
k but it is also real. In that case Eq. (165) simplifies to
dα
dφ
=
∫∞
0
dk
∫∞
0
dk′Ψ(k)Ψ∗(k′) sin[φ(k − k′)]{sin[α(k − k′)](k + k′) + sin[α(k + k′)](k − k′)}∫∞
0 dk
∫∞
0 dk
′Ψ(k)Ψ∗(k′) cos[φ(k − k′)]{cos[α(k − k′)] + cos[α(k + k′)]}(k + k′) ,
(166)
where we have used the fact that only even integrands can survive. This can be
seen by performing a coordinate transformation in k space,
u :=
1√
2
(k + k′) k :=
1√
2
(u+ w)
w :=
1√
2
(k − k′) k′ := 1√
2
(u− w) , (167)
changing the integral domains accordingly,
∫∞
0
du
∫ u
−u dw, and noting that Ψ(u+
w)Ψ(u − w) is even under the change w → −w. Note that now Eq. (166) is
anti-symmetric under the change φ → −φ and again we have that dα/dφ = 0,
but now also at φ = 0. Hence, the bohmian trajectories must certainly present
a bounce when they cross the line φ = 0, and if they start at vr → ∞ in
a classical contraction from infinity, they must necessarily end at vl → ∞ in
classical expansion to infinity, realizing a bounce at φ = 0 and never reaching
the singularity, in a symmetric trajectory in φ. On the other hand, if they
start at the singularity in vl → −∞, they come back to the singularity at
vr → −∞, with the turning point taking place at φ = 0. Again, contrary to
the consistent history conclusion, any universe history as described by these
bohmian trajectories coming from infinity must go back to infinity, and any
bohmian trajectory coming from the singularity must go back to the singularity.
Note that the line α = 0, where these non-classical behaviors are strong,
corresponds, in our units, to aphys = lpl, where lpl is the Planck length. All
these features can be seen numerically with a particular example. Let us take,
for instance,
Ψ(k) = e−(|k|−d)
2/σ2 , (168)
with σ << 1 and d ≥ 1. This is a real and even Ψ(k), consisting of two sharply
peaked gaussians centered at ±d. The wave function reads
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Figure 1: The field plot shows the family of trajectories for the planar system
given by (153) (154) for the wave function (169). Two of them that describe their
general behavior are depicted in solid line: the first one represents a bouncing
universe, while the second one corresponds to a universe which begins and ends
in singular states (“big bang - big crunch” universe).
Ψ(vl, vr) =
∫ ∞
0
dkΨ(k) eikvl +
∫ 0
−∞
dkΨ(k) eikvr
≈
∫ ∞
−∞
dk e−(k−d)
2/σ2 eikvl +
∫ ∞
−∞
dk e−(k+d)
2/σ2 eikvr .(169)
The bohmian trajectories associated with this wave function can be seen
from figure 1. We can distinguish two kind of trajectories. The left half of the
figure contains trajectories describing bouncing universes while the right half
corresponds to universes that begins and ends in singular states (“big bang -
big crunch” universe).
In general, there is also the possibility of trajectories describing cyclic uni-
verses. In Ref. [21], it was considered bohmian trajectories associated with wave
functions similar to the above one, but without the restriction to positive fre-
quencies only. Considering both positive and negative frequencies, there are
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oscillatory trajectories in φ. In this case, if one wishes to interpret φ as time,
this corresponds to creation and annihilation of expanding and contracting uni-
verses that exist for a very short duration. This fact suggests that one cannot
understand Eq. (151) as a continuity equation for an ensemble of trajectories
with a distribution of initial conditions given by R2 in this bohmian approach
with guidance relations defined as in Eqs. (153) and (154). In fact, this inter-
pretation of a continuity equation would be possible only if Eq. (151) could be
reduced to the form
∂R2
∂φ
+
∂
∂α
(
R2
dα
dφ
)
= 0, (170)
with dα/dφ given by Eq. (162),
dα
dφ
= −∂S/∂α
∂S/∂φ
. (171)
It can be shown, using Eqs. (150,151,153,154), that this is possible if and only
if
∂S
∂α
∂2S
∂α∂φ
=
∂S
∂φ
∂2S
∂φ∂φ
, (172)
which implies that φ˙ = 0, stating that φ is a monotonic function of coordinate
time. This is a strong restrictive condition, which cannot be satisfied by general
quantum states as the ones discussed above. In general, φ˙ 6= 0. Hence, Eq. (151)
cannot be interpreted as a continuity equation in φ time for the ensemble of
trajectories given by Eq. (171) with distribution R2, even in the single frequency
approach where one has a Schro¨dinger-like equation.
If, however, one insists in interpreting φ as the time variable, then one would
have to face the situation of creation and annihilation of universes which is a
typical feature of relativistic quantum theory. Accordingly, the lost of a continu-
ity equation for R2 can be associated with the non-conservation of the number
of trajectories of this ensemble in the φ time.
Normally the de Broglie-Bohm theory of a Schro¨dinger-like equation fur-
nishes, besides the quantum trajectories, a probabilistic Born measure for these
trajectories. This is not the case here since the kinetic term present in the
Schro¨dinger-like equation in the single frequency approach is not canonical, it
is not of the form gij(x)p
ipj , where gij(x) has an euclidean signature. This is
crucial to obtain a continuity equation in the form of Eq. (170).
Concluding this subsection, in the consistent histories approach we may have
the notion of probabilities but we are not allowed to investigate non-classical
properties of the universe in any finite φ time, or to have more than two snap-
shots of any non-classical universe. We have shown here that the answers given
by the consistent histories approach are quite fragile. In fact, the existence of
a quantum bounce strongly depends on the family of histories one is taking.
One can argue that the family with only two moments of time, where quantum
bounces do not exist, encompass the families of histories with three moments
of time. Take, however, a genuine quantum state. In the two-time family we
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are sure that there is no quantum bounce, but in the three-time family this
question cannot even be posed. This is characteristic of the consistent histories
approach: the notion of truth depends on the family of histories one is taking.
This ambiguity on the notion of a true statement in the consistency histories
approach can be made quite dramatic in other circumstances [12, 13]. It seems
to us that family of histories with only two times at ±∞ is so much coarse
grained that no quantum effects can be seen in between.
Finally, we would like to stress that the results of this section go much beyond
the question about the existence of a quantum bounce. It shows that different
quantum theories may present quite discrepant results when this system is the
Universe, and the mathematical reasons for that. This finding points out to a
hope that maybe in cosmology, or in some analog model to it, one can find a
way do discriminate between the many proposed quantum theories which, asides
subjective and philosophical preferences, have all the same scientific status in
the laboratory.
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6 Cosmological perturbations in the de Broglie-
Bohm quantum cosmology
The conventional approach to deal with quantum cosmological perturbations is
to consider a semi-classical treatment that quantize only the first order pertur-
bations while the background is treated classically. This was largely explored in
inflationary models in order to calculate the primordial power spectrum of scalar
and tensor cosmological perturbations coming from these models, and evaluate
their observational consequences. Note, however, that such classical cosmolog-
ical models generally contain initial singularities, a point where no physics is
possible, rendering them incomplete.
In the previous sections, we have obtained quantum cosmological background
models which are free of singularities and particle horizons, and can reproduce
the physical properties of the standard classical cosmological model. Hence, we
would like to extend the usual approach to cosmological perturbations in order
to consider quantum corrections to the background evolution itself.
One very important application of the de Broglie-Bohm theory to quantum
cosmology is its use to the investigation of the dynamics of cosmological pertur-
bations of quantum mechanical origin in quantum cosmological backgrounds, in
order to infer their consequences to the formation of structures in the Universe,
and on the anisotropies of the cosmic background radiation. Early attempts
on this approach resulted in very complicate and intractable equations [34].
We will show in this section how the de Broglie-Bohm theory can be used in
this research in order to tremendously simplify the evolution equations of quan-
tum cosmological perturbations in quantum backgrounds, rendering them into
a simple and solvable form, suitable for the calculation of their observational
consequences (see Refs. [72, 73, 75] for details).
6.1 Theory of cosmological perturbations in a quantum
cosmological background
The minisuperspace bouncing non singular models we obtained in the previous
sections considered hydrodynamical fluids and scalar fields as their matter con-
tents. In the following, we will present the main features for the quantization
of perturbations and background in the case of perfect hydrodynamical fluids
(p = wρ). The case of the scalar field is similar in many aspects, except for
some conceptual issues which will be discussed afterwards.
The action we shall begin with is that of general relativity with a perfect
fluid, the latter being described in previous sections using the formalism of
Refs. [84, 85], i.e.
S = SGR + Sfluid = −
1
6l2P
∫ √−gRd4x− ∫ √−gpd4x, (173)
where lP = (8πGN/3)
1/2 is the Planck length in natural units (~ = c = 1), ρ
is the perfect fluid energy density whose pressure p is provided by the relation
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p = ωρ, ω being a nonvanishing constant.
Let the geometry of spacetime be given by
gµν = g
(0)
µν + hµν , (174)
where g
(0)
µν represents a homogeneous and isotropic cosmological background,
ds2 = g(0)µν dx
µdxν = N2(t)dt2 − a2(t)δijdxidxj , (175)
where we are restricted to a flat spatial metric, and the hµν represents linear
scalar perturbations around it, which we decompose into
h00 = 2N
2φ
h0i = −NaB,i (176)
hij = 2a
2(ψγij − E,ij).
The case of primordial gravitational waves is very similar and easier. For
details, see Refs [72, 73].
Substituting Eqs. (176) and (175) into the Einstein-Hilbert action (173),
performing Legendre and canonical transformations, redefining N with terms
which do not alter the equations of motion up to first order, all this without
ever using the background equations of motion, the Hamiltonian up to second
order is simplified to (see Ref. [75] for details)
H = N
[
H
(0)
0 +H
(2)
0
]
+ ΛNPN +
∫
d3xφπψ +
∫
d3xΛφπφ, (177)
where
H
(0)
0 ≡ −
l2P 2a
4aV
+
PT
a3ω
, (178)
and
H
(2)
0 ≡
1
2a3
∫
d3xπ2 +
aω
2
∫
d3xv,iv,i. (179)
One can recognizeH
(0)
0 as the hamiltonian describing the background FLRW
model with perfect fluids presented in the section 4. The second order Hamilto-
nian H
(2)
0 describes the dynamics of the perturbations on this background. The
conjugate variables Pa, PN , PT , a, N and T are the degrees of freedom of the
backgound, while the set of conjugate fields πφ(x), πψ(x), π(x), φ(x), ψ(x) and
v(x) are the degrees of freedom describing the perturbations.
The quantities N , φ, ΛN and Λφ play the role of Lagrange multipliers of the
constraints H
(0)
0 +H
(2)
0 ≈ 0, πψ ≈ 0, PN ≈ 0, and πφ ≈ 0, respectively, with T
playing the role of time. The constraint H
(0)
0 +H
(2)
0 is the one which generates
the dynamics, yielding the correct Einstein equations both at zeroth and first
order in the perturbations, as can be checked explicitly. The others imply that
N , φ, and ψ are not relevant. Hence, a is the unique genuine degree of freedom
describing the background, while v(x) is the unique field left to describe the
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evolution of scalar perturbations evolving on this background, as expected. In
fact v(x) is the usual gauge invariant Mukhanov-Sasaki variable [57, 58, 64, 83]
v =
a
1
2 (3w−1)√
6lP
(
ϕ(c) +
2
√
6
√
(w + 1)PT
√
V
lPPa
√
w
a2−3wψ
)
(180)
written in terms of of our background variables, where V is the comoving volume
of the background spacelike hypersurfaces, which we suppose to be compact, and
ϕ(c) is related to the perturbation of the velocity field describing the fluid. The
v field is connected to the gauge invariant Bardeen potential Φ (see Ref. [73])
through
Φ,i ,i = −3l
2
P
√
(ω + 1)ǫ0
2
√
ω
a
(
v
a
)′
. (181)
We would like to emphasize again that in order to obtain the above results, no
assumption has been made about the background dynamics: Hamiltonian (177)
is ready to be applied in the quantization procedure.
In the Dirac quantization procedure, the first class constraints must annihi-
late the wave functional Ψ[N, a, φ(xi), ψ(x), v(xi), T ], yielding
∂
∂N
Ψ = 0,
δ
δφ
Ψ = 0,
δ
δψ
Ψ = 0,
HΨ = 0. (182)
The first three equations impose that the wave functional does not depend
onN , φ and ψ: as mentioned above, N and φ are, respectively, the homogeneous
and inhomogeneous parts of the total lapse function, which are just Lagrange
multipliers of constraints, and ψ has been substituted by v(xi), the unique
degree of freedom of scalar perturbations, as expected.
As PT appears linearly in H , and making the gauge choice N = a
3w, one
can interpret the T variable as a time parameter. Hence, the equation
HΨ = 0 (183)
assumes the Schro¨dinger form
ı
∂
∂T
Ψ =
1
4
{
a(3w−1)/2
∂
∂a
[
a(3w−1)/2
∂
∂a
]}
Ψ−
[
a3w−1
2
∫
d3x
δ2
δv2
−a
3w+1w
2
∫
d3xv,iv,i
]
Ψ,
(184)
where we have chosen the same factor ordering in a as in the previous section,
and V and lP have been absorbed in redefinitions of the fields in order to make
them dimensionless. For instance, the physical scale factor aphys can be obtained
from the dimensionless a present in (178) through aphys = lP a/
√
V .
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If one makes the ansatz
Ψ[a, v, T ] = Ψ(0)(a, T )Ψ(2)[v, T ] (185)
where Ψ(0)(a, T ) satisfies the equation,
ı
∂
∂T
Ψ(0)(a, T ) =
1
4
{
a(3w−1)/2
∂
∂a
[
a(3w−1)/2
∂
∂a
]}
Ψ(0)(a, T ), (186)
then we obtain for Ψ(2)(a, v, T ) the equation
ı
∂
∂T
Ψ(2)(a, v, T ) = −
a(3w−1)
2
∫
d3x
δ2
δv2
Ψ(2)(a, v, T )+
wa(3w+1)
2
∫
d3xv,iv,iΨ(2)(a, v, T )
(187)
Solutions of the zeroth order equation (186) are known [1, 2, 4] and presented
in the previous sections. In the next sub-section we will show how the second
order part of this equation can be very simplified using the de Broglie-Bohm
quantum theory.
6.2 Application of the de Broglie-Bohm theory and its
consequences
6.2.1 The perfect fluid case
If one uses the ontological de Broglie-Bohm quantum theory in order to obtain
the bohmian trajectories a(T ) from Eq. (186), this a(T ) can be viewed as a
given function of time in the second equation (187). Going to conformal time
dη = a3w−1dT , and performing the unitary transformation
U = e{ı[
∫
d3xγ
1
2 a˙v
2a ]}e{ı[
∫
d3x( vpi+piv2 ) ln(
1
a
)]}, (188)
the Schro¨dinger functional equation for the perturbations is transformed to
i
∂Ψ(2)[v, η]
∂η
=
∫
d3x
(
−1
2
δ2
δv2
+
w
2
v,iv
,i − a
′′
2a
v2
)
Ψ(2)[v, η], (189)
where we have gone to the new quantum variable v¯ = av, the Mukhanov-Sasaki
variable defined in Ref. [65], after performing transformation (188) (we have
omitted the bars).
This is the most simple form of the Schro¨dinger equation which governs scalar
perturbations in a quantum minisuperspace model with fluid matter source.
Note that it was crucial to assume that a(T ) is a function of time coming
from the bohmian quantization of the background, not an operator. That is
why we treated the unitary transformation (188) as a time-dependent unitary
transformation. We do not know how to implement this simplification without
this assumption.
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The corresponding time evolution equation for the operator v in the Heisen-
berg picture is given by
v′′ − ωv,i,i −
a′′
a
v = 0, (190)
where a prime means derivative with respect to conformal time. In terms of the
normal modes vk, the above equation reads
v′′k +
(
ωk2 − a
′′
a
)
vk = 0. (191)
These equations have the same form as the equations for scalar perturbations
obtained in Ref. [65]. This is quite natural since for a single fluid with constant
equation of state ω, the pump function z′′/z obtained in Ref. [65] is exactly
equal to the term a′′/a obtained here. The difference is that the function a(η)
is no longer a classical solution of the background equations but a quantum
bohmian trajectory of the quantized background, which may lead to different
power spectra.
6.2.2 The scalar field case and the time issue again
The technical treatment of the scalar field is rather similar. It is also possible to
simplify the full hamiltonian system by a series of canonical transformations, as
shown in Refs. [73, 27], independently of the background equations of motion.
There is, however, a new conceptual problem because in the hamiltonian of
the scalar field case there is no obvious variable which can play the role of
time in order to describe the evolution of cosmological perturbations. Again, in
the framework of the de Broglie-Bohm theory, one can obtain a Schro¨dinger like
equation for the perturbations. We will focus on the case of a vanishing potential
U(ϕ), and show how it is possible to consistently quantize simultaneously both
the background and the perturbations.
The system is composed of a spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker metric (FLRW) together with its scalar perturbations, and a free mass-
less scalar field ϕ (t, x) = ϕ0 (t) + δϕ (t, x), where ϕ0 is the background homo-
geneous scalar field and δϕ (t, x) is its linear perturbation.
Using these definitions in the lagrangian density for the scalar field, namely
Lm = 12ϕ;µϕ;µ, we find for the hamiltonian constraint, after some canonical
transformations (see [27]),
H0 =
1
2e3α
[
−P 2α + P 2ϕ +
∫
d3x
(
π2√
γ
+
√
γe4αv,iv,i
)]
, (192)
where v is the usual Mukhanov-Sasaki variable [65] divided by a.
The system described by the hamiltonian H = NH0 can be immediately
quantized. The Dirac’s quantization procedure for constrained hamiltonian sys-
tems requires that the first class constraints must annihilate the wave-function
Hˆ0Ψ(α, ϕ, v) = 0 , (193)
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which has only quadratic terms in the momenta.
Contrary to the hydrodynamical fluid case, the hamiltonian (192) does not
possess any linear term in the momenta, rendering ambiguous the choice of an
intrinsic time variable. Notwithstanding, we still can define an evolutionary
time for the perturbations if we use the dBB theory. The procedure is similar
to what is usually done in a semiclassical approach, where a time evolution for
the quantum perturbations is induced from the classical background trajectory.
Let us summarize it in the following paragraphs.
Take the hamiltonian NH0, with H0 given in Eq. (192) satisfying the hamil-
tonian constraint H0 ≈ 0, and let us solve it classically using the Hamilton-
Jacobi theory. The respective Hamilton-Jacobi equation reads
−1
2
(
∂ST
∂α
)2
+
1
2
(
∂ST
∂ϕ
)2
+
1
2
∫
d3x
[
1√
γ
(
δST
δv
)2
+
√
γe4αv,iv,i
]
, (194)
where the classical trajectories can be obtained from a solution ST of Eq. (194)
through
α˙ = −Pα = −∂ST
∂α
,
ϕ˙ = Pϕ =
∂ST
∂ϕ
,
v˙ =
1√
γ
π =
1√
γ
δST
δv
, (195)
where we have chosen N = e3α, and hence a time parameter t (a dot means
derivative with respect to this parameter), related to conformal time through
dt ∝ a2dη.
We will now use the fact that the v variable is a small perturbation over the
background variables α and ϕ, and that its back-reaction in the dynamics of
the background is negligible. In this case, one can write ST (α, ϕ, v) as
ST (α, ϕ, v) = S0(α, ϕ) + S2(α, ϕ, v), (196)
where it is assumed that S2(α, ϕ, v) cannot be splitted again into a sum involving
a function of the background variables alone (which would just impose a redefi-
nition of S0). Noting that, in order to be a solution of the Hamilton-Jacobi Eq.
(194), S2 must be at least a second order functional of v, then S2 << S0 as well
as their partial derivatives with respect to the background variables. Hence one
obtains for the background that
α˙ ≈ −∂S0
∂α
,
ϕ˙ ≈ ∂S0
∂ϕ
. (197)
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Inserting the splitting given in Eq. (196) into Eq. (194), one obtains, order
by order:
−1
2
(
∂S0
∂α
)2
+
1
2
(
∂S0
∂ϕ
)2
= 0, (198)
−
(
∂S0
∂α
)(
∂S2
∂α
)
+
(
∂S0
∂ϕ
)(
∂S2
∂ϕ
)
+
1
2
∫
d3x
[
1√
γ
(
δS2
δv
)2
+
√
γe4αv,iv,i
]
= 0,
(199)
−1
2
(
∂S2
∂α
)2
+
1
2
(
∂S2
∂ϕ
)2
+O(4) = 0. (200)
In Eq. (200), the symbol O(4) represents terms coming from high order
corrections to the hamiltonian (192). As we are interested only on linear per-
turbations, this term will not be relevant. The first Eq. (198) is the Hamilton-
Jacobi equation of the background, which solution yields, together with Eqs.
(197), the background classical trajectories. Once one obtains the classical tra-
jectories α(t), ϕ(t), the functional S2(α, ϕ, v) becomes a functional of v and a
function of t, S2(α, ϕ, v) → S2(α(t), ϕ(t), v) = S¯2(t, v). Hence Eq. (199), using
Eqs. (197), can be written as
∂S2
∂t
+
1
2
∫
d3x
(
1√
γ
(
δS2
δv
)2
+
√
γe4α(t)v,iv,i
)
= 0. (201)
Equation (201) can now be understood as the Hamilton-Jacobi equation
coming from the hamiltonian
H2 =
1
2
∫
d3x
(
π2√
γ
+
√
γe4α(t)v,iv,i
)
, (202)
which is the generator of time t translations (and not anymore constrained to
be null).
If one wants to quantize the perturbations, the correspoding Schro¨dinger
equation should be
i
∂χ
∂t
= Hˆ2χ , (203)
where χ is a wave functional depending on v and t, and the dependence of Hˆ2
on the background variables are understood as a dependence on t.
Once one has obtained the trajectories for the background variables, they
can be used to define a time dependent unitary transformation for the pertur-
bative sector in order to put Hˆ2 in a familiar form. This unitary transformation
takes the vector |χ〉 into |ξ〉 = U |χ〉, i.e. |χ〉 = U−1|ξ〉. With respect to this
transformation the hamiltonian is taken into Hˆ2 −→ Hˆ2U with
i
d
dt
|ξ〉 = Hˆ2U |ξ〉 =
(
UHˆ2U
−1 − iU d
dt
U−1
)
|ξ〉 . (204)
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Let us define this unitary transformation by
U = eiAe−iB (205)
with,
A =
1
2
∫
d3x
√
γ
a˙
a3
vˆ2 , (206)
B =
1
2
∫
d3x (πˆvˆ + vˆπˆ) log(a) . (207)
Remember that the time derivative, a˙ = dadt , is taken with respect to the
parametric time t related to the cosmic time τ by dτ = Ndt ∝ a3dt. In these
expressions, the scale factor a = a(t) should be understood as a function of time
since we suppose that the background equations have already been solved.
Naturally, the πˆ and vˆ operators do not commute with the unitary transfor-
mation. Using the following relations
eiA vˆ e−iA = vˆ , eiA πˆ e−iA = πˆ − a˙
a3
√
γ vˆ
e−iB vˆ eiB = a−1 vˆ , e−iB πˆ eiB = aπˆ .
we can calculate the transformed hamiltonian as
Hˆ2U =
a2
2
∫
d3x
[
πˆ2√
γ
+
√
γ vˆ,ivˆ,i −
(
a˙
a5
− 2 a˙
2
a6
)√
γ vˆ2
]
(208)
Note that the unitary transformation U takes us back to the Mukhanov-
Sasaki variable.
Recalling that dt = a−2dη, where η is the conformal time, we have a˙ = a2a′
and a˙ = a4a′′ + 2a3a′2, and the hamiltonian can be recast as
Hˆ2U =
a2
2
∫
d3x
[
πˆ2√
γ
+
√
γ vˆ,ivˆ,i − a
′′
a
√
γ vˆ2
]
. (209)
So far our analysis has been made in the Schro¨dinger picture but now it is
convenient to describe the dynamics using the Heisenberg representation. The
equations of motion for the Heisenberg operators are written as
˙ˆv = −i
[
vˆ, Hˆ2U
]
= a2
πˆ√
γ
,
˙ˆπ = −i
[
πˆ, Hˆ2U
]
= a2
√
γ
(
vˆ,i,i +
a′′
a
vˆ
)
.
Combining these two equations and changing to conformal time, we find the
following equations for the operator modes of wave number k, vk:
v′′k +
(
k2 − a
′′
a
)
vk = 0 . (210)
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This is the same equation of motion for the perturbations known in the
literature, in the absence of a scalar field potential, which appears in Ref. [65].
Let us now go one step further and quantize both the background and per-
turbations. When the background is also quantized, this procedure can also be
implemented in the framework of the dBB interpretation of quantum theory,
where there is a definite notion of trajectories as well, the bohmian trajectories.
In order to do that, we first note that Eqs. (193) and (192) imply that
(Hˆ
(0)
0 + Hˆ2)Ψ = 0, (211)
where
Hˆ
(0)
0 = −
Pˆ 2α
2
+
Pˆ 2ϕ
2
, (212)
Hˆ2 =
1
2
∫
d3x
(
πˆ2√
γ
+
√
γe4αˆvˆ,ivˆ,i
)
. (213)
We write the wave functional Ψ as Ψ = exp(AT + iST ) ≡ RT exp(iST ),
where both AT and ST are real functionals. Inserting it in the Wheeler-DeWitt
Eq. (211), the two real equations we obtain are
− ∂
∂α
(
R2T
∂ST
∂α
)
+
∂
∂ϕ
(
R2T
∂ST
∂ϕ
)
+
∫
d3x√
γ
δ
δv
(
R2T
δST
δv
)
= 0 , (214)
− 1
2
(
∂ST
∂α
)2
+
1
2
(
∂ST
∂ϕ
)2
+
1
2
∫
d3x
(
1√
γ
(
δST
δv
)2
+
√
γe4αv,iv,i
)
+
1
2RT
(
∂2RT
∂α2
− ∂
2RT
∂ϕ2
)
− 1
2
∫
d3x√
γ
1
RT
δ2RT
δv2
= 0 . (215)
The bohmian guidance relations are the same as in the classical case,
α˙ = −Pα = −∂ST
∂α
,
ϕ˙ = Pϕ =
∂ST
∂ϕ
,
v˙ =
1√
γ
π =
1√
γ
δST
δv
, (216)
with the difference that the new ST satisfies a Hamilton-Jacobi equation differ-
ent from the classical one due to the presence of the quantum potential terms
(the last two terms in Eq. (215)), which are responsible for the quantum effects.
We have again made the choice N ∝ e3α.
Let us assume, as in the classical case, that we can split AT (α, ϕ, v) =
A0(α, ϕ) + A2(α, ϕ, v) implying that RT (α, ϕ, v) = R0(α, ϕ)R2(α, ϕ, v), and
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ST (α, ϕ, v) = S0(α, ϕ) + S2(α, ϕ, v), and that A2 << A0, S2 << S0, together
with their derivatives with respect to the background variables. The approxi-
mate guidance relations are
α˙ ≈ −∂S0
∂α
,
ϕ˙ ≈ ∂S0
∂ϕ
, (217)
and the zeroth order terms of Eqs. (214) and (215) read
− ∂
∂α
(
R20
∂S0
∂α
)
+
∂
∂ϕ
(
R20
∂S0
∂ϕ
)
≈ 0 , (218)
−1
2
(
∂S0
∂α
)2
+
1
2
(
∂S0
∂ϕ
)2
+
1
2R0
(
∂2R0
∂α2
− ∂
2R0
∂ϕ2
)
≈ 0 . (219)
A solution (S0, R0) of Eqs. (218) and (219) yield a bohmian quantum tra-
jectory for the background through Eq. (217) as those obtained in Ref. [21].
As in the classical case, once one obtains the bohmian quantum trajecto-
ries α(t), ϕ(t), the functionals S2(α, ϕ, v), A2(α, ϕ, v) become functionals of v
and functions of t, S2(α, ϕ, v) → S2(α(t), ϕ(t), v) = S¯2(t, v), A2(α, ϕ, v) →
A2(α(t), ϕ(t), v) = A¯2(t, v).
Defining χ(α, ϕ, v) ≡ R2(α, ϕ, v) exp(iS2(α, ϕ, v)), writing it as
χ(α, ϕ, v) =
∫
dλG(λ, v)F (λ, α, φ) , (220)
where F satisfies
1
2
(
∂2F
∂α2
− ∂
2F
∂ϕ2
)
+
1
R0
(
∂R0
∂α
∂F
∂α
− ∂R0
∂ϕ
∂F
∂ϕ
)
= 0 , (221)
and G is an arbitrary functional of v, which also depends on an integration
constant λ, then the next-to-leading-order terms of Eqs. (214) and (215) read
∂R¯22
∂t
+
∫
d3x√
γ
δ
δv
(
R¯22
δS¯2
δv
d3x
)
= 0 , (222)
∂S¯2
∂t
+
1
2
∫
d3x
[
1√
γ
(
δS¯2
δv
)2
+
√
γe4α(t)v,iv,i
]
− 1
2
∫
d3x
R¯2
√
γ
δ2R¯2
δv2
= 0 ,
(223)
where R¯2(t, v) ≡ exp(A¯2(t, v)), and we have used that
−
(
∂S0
∂α
)(
∂S2
∂α
)
+
(
∂S0
∂ϕ
)(
∂S2
∂ϕ
)
=
∂S¯2
∂t
, (224)
−
(
∂R0
∂α
)(
∂R2
∂α
)
+
(
∂R0
∂ϕ
)(
∂R2
∂ϕ
)
=
∂R¯2
∂t
, (225)
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which are possible only because of the guidance relations, a feature of the dBB
theory.
These two equations can be grouped into a single Schro¨dinger equation
i
∂χ¯
∂t
= Hˆ2χ¯ , (226)
where χ¯(t, v) = χ(α(t), ϕ(t), v) is a wave functional depending on v and t, and,
as before, the dependence of Hˆ2 on the background variables are understood as
a dependence on t.
From here on we implement the same unitary transformation as the one
defined in Eqs. (205), but now the time function a(t) is the calculated back-
ground bohmian trajectory of the scale factor associated with the zeroth order
equation Hˆ
(0)
0 |Ψ〉 = 0, which does not follow the classical scale factor evolution.
As before, we obtain the equation
v′′k +
(
k2 − a
′′
a
)
vk = 0 . (227)
The crucial point is that we have not used the background equations of
motion. Thus we have shown that Eq. (227) is well defined, independently
of the background dynamics, and it is correct even if we consider quantum
background trajectories. Hence, in spite of the fact that Eq. (210) of the semi-
classical limit and Eq. (227) have the same form, the time dependent potential
a′′/a in Eq. (227) can be rather different because it is calculated from bohmian
trajectories, not from the classical ones. This can give rise to different effects in
the region where the quantum effects on the background are important, which
can propagate to the classical region.
During our procedure, we have supposed that the evolution of the back-
ground is independent of the perturbations. This no back-reaction assumption
is based on the fact that terms induced by the linear perturbations in the zeroth
order hamiltonian are negligible, which should be the case when one assumes
that quantum perturbations are initially in a vacuum quantum state.
Note, however, that this result was obtained using a specific subclass of wave
functionals which satisfies the extra condition Eq. (221). What are the physical
assumptions behind this choice?
When one approaches the classical limit, where R0 is a slowly varying func-
tion of α and ϕ, condition (221) reduces to
∂2F
∂α2
− ∂
2F
∂ϕ2
≈ 0 . (228)
If Eq. (228) were not satisfied, one would not obtain anymore the usual Schro¨dinger
equation for quantum perturbations in a classical background (which arises when
R0 is a slowly varying function of α and ϕ), due to extra terms in Eqs. (222) and
(223): there would be corrections originated from some quantum entanglement
between the background and the perturbations, even when the background is
already classical, which would spoil the usual semiclassical approximation. This
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could be a viable possibility driven by a different type of wave functional than
the one considered here, but it seems that our Universe is not so complicate. In
fact, the observation that the simple semiclassical model without this sort of en-
tanglement works well in the real Universe indicates something about the wave
functional of the Universe. In other words, the validity of the usual semiclassical
approximation imposes Eq. (228).
When R0 is not slowly varying and quantum effects on the background be-
come important causing the bounce, the two last terms of condition (221) can-
not be neglected. They would also induce extra terms in Eqs. (222) and (223),
again originated from some quantum entanglement between the background and
the perturbations, but now in the background quantum domain, and the final
quantum Eq. (210) for the perturbations we obtained would not be valid around
the bounce. In this case, there is no observation indicating us which class of
wave functionals one should take, and our choice resides only on assumptions
of simplicity: there is no quantum entanglement between the background and
the perturbations in the entire history of the Universe. This is the physical
hypothesis behind the choice of the specific class of wave functionals satisfying
condition (221). Relaxing this hypothesis may lead to new effects which should
be investigated.
Note that, although the original Wheeler-DeWitt equation has no time in it,
we were able to construct a Schrd¨inger equation for the perturbations. In this
derivation, the assumption of the existence of a bohmian background quantum
trajectory was essential, see Eq. (224). Hence the picture is the following: in the
dBB approach no probability measure is required a priory. In fact, there is no
notion of probability for the possible backgrounds. However, this does not forbid
us to obtain the bohmian trajectories for the background through the guidance
relations. The background will follow one of the possible solutions yielding a
definite background trajectory, which can then be used in the equations for the
perturbations in order to yield a Schro¨dinger equation for them. Then, using the
result of Ref. [92] discussed in section 3, the distribution of initial conditions for
the perturbations will soon converge to satisfy the Born rule, and we are back
to standard quantum theory of cosmological perturbations, now evolving in a
background which does not always present the classical behaviour and, thanks
to that, is free of singularities.
In the next section we will obtain the power spectrum for the perfect fluid
case using Eq. (191) and the background quantum solution (88). We will also
discuss the results for the case of tensor perturbations and in the situation
where a cosmological constant is present. As we shall see, we obtain some slight
different results from the ones obtained in inflationary models.
6.3 Observational aspects
Having obtained in the previous section the propagation equation for the full
quantum scalar modes in the bohmian picture with the scale factor assuming
the form (88), it is our goal now to solve this equation in order to obtain the
scalar perturbation power spectrum as predicted by such models.
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We shall begin with the asymptotic behaviors. When |T | ≫ |T0|, far from
the bounce, one can write Eq. (191) as
v′′ +
[
ωk2 +
2(3ω − 1)
(1 + 3ω)2η2
]
µ = 0, (229)
whose solution is
v =
√
η
[
c1(k)H
(1)
ν (k¯η) + c2(k)H
(2)
ν (k¯η)
]
, (230)
with
ν =
3(1− ω)
2(3ω + 1)
,
c1 and c2 being two constants depending on the wavelength, H
(1,2) being Hankel
functions, and k¯ ≡ √ωk.
This solution applies asymptotically, where one can impose vacuum initial
conditions as in [65]
vini =
exp ik¯η√
k¯
, (231)
which implies that
c1 = 0 and c2 = lP
√
3π
2
exp−i
pi
2 (ν+
1
2 ) .
The solution can also be expanded in powers of k2 according to the formal
solution [65]
v
a
≃ A1(k)
[
1− ωk2
∫ t dη¯
a2 (η¯)
∫ η¯
a2 (η¯) dη¯
]
+ A2(k)
[∫ η dη¯
a2
− ωk2
∫ η dη¯
a2
∫ η¯
a2dη¯
∫ η¯ d¯¯η
a2
]
,
(232)
up to order O(kj≥4) terms. In Eq. (232), the coefficients A1 and A2 are two
constants depending only on the wavenumber k through the initial conditions.
Although this form is particularly valid as long as ωk2 ≪ a′′/a, i.e. when the
mode is below its potential, Eq. (232) should formally apply for all times. In
the matching region ωk2 ≈ a′′/a, the O(k2) terms may give contributions to
the amplitude, but they do not alter the k-dependence of the power spectrum.
Using this procedure, we can evaluate A1 and A2, yielding
A1 ∝
(
k¯
k0
) 3(1−ω)
2(3ω+1)
, (233)
A2 ∝
(
k¯
k0
) 3(ω−1)
2(3ω+1)
, (234)
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where k−10 = T0a
3ω−1
0 = l
B
c and l
B
c is the curvature scale at the bounce.
The relation between the Bardeen potential Φ and v is given by
Φ,i ,i = −3l
2
P
√
(ω + 1)ǫ0
2
√
ω
a
(
v
a
)′
. (235)
At large positive values of T , when vk is leaving the potential and T ∝ η3(1−ω)/(1+3ω),
the constant mode of Φ, like v, mixes A1 with A2. In this region, taking into
account that A2 dominates over A1, we obtain:
Φ ∝ k 3(ω−1)2(3ω+1)
[
const.+
1
η(5+3ω)/(1+3ω)
]
. (236)
The power spectrum
PΦ ≡ 2k
3
π2
|Φ|2 , (237)
then reads
PΦ ∝ knS−1, (238)
and we get
nS = 1 +
12ω
1 + 3ω
. (239)
For gravitational waves (see Ref. [73] for details), the equation for the modes
µ = h/a reads
µ′′ +
(
k2 + 2Ka− a
′′
a
)
µ = 0, (240)
yielding the power spectrum for long wavelengths:
Ph ≡ 2k
3
π2
∣∣∣µ
a
∣∣∣2 . (241)
In Ref. [73], we have obtained
Ph ∝ knT , (242)
with, as for the scalar modes,
n
T
=
12ω
1 + 3ω
. (243)
Note that in the limit ω → 0 (dust) we obtain a scale invariant spectrum for
both tensor and scalar perturbations. This result was confirmed through numer-
ical calculations, which also give the amplitudes. However, it is not necessary
that the fluid that dominates during the bounce be dust. The dependencies on
k of A1 and A2 are obtained far from the bounce, and they should not change in
a transition, say, from matter to radiation domination in the contracting phase,
or during the bounce. The effect of the bounce is essentially to mix these two
coefficients in order for the constant mode to acquire the scale invariant piece.
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Hence, the bounce itself may be dominated by another fluid, like radiation. The
important point is that if while entering the potential (k2 ≈ a′′/a) the fluid that
dominates is dust-like, then the spectrum of perturbations for such wavelengths
should be almost scale invariant.
We have also solved the equations numerically and obtained the values of the
free parameters which best fit the data. First, we assumed a spectral index lim-
ited by n
S
≤ 1.01, an admittedly conservative constraint, which, given Eq. (239),
provide the already severe bound on the equation of state ω ≤ 8× 10−4. Con-
straining the amplitude with WMAP data (see Ref. [74] for details) then implies
the characteristic bounce length-scale L0 (the curvature scale at the bounce) to
be
L0 ≥ 1500lP ,
a value consistent with our use of quantum cosmology: it is indeed in this kind
of distance scale ranges that one expect quantum effects to be of some relevance,
while at the same time the Wheeler-de Witt equation to be valid without being
possibly spoiled by some discrete nature of geometry coming from loop quantum
gravity, and/or string effects.
An extremely important point in all models of primordial perturbations is
that of comparison with other models. In particular, one wants to devise tests
allowing to discriminate among them. With this in mind, we have also calcu-
lated the amplitude of primordial gravitational waves (tensor perturbations) in
the quantum bouncing models described above [14]. We have shown that the
stochastic background of relic gravitons cannot be strong enough to be directly
detected by present and future planned experiments. The strain spectrum is
quite different from the cyclic and inflationary scenarios. While these two mod-
els have spectra ≈ k−2,≈ k−1 at dust domination, and ≈ k−1,≈ k0 at radiation
domination, respectively, our model have spectra ≈ k−2 and ≈ k0 at the same
eras. Our calculations have shown that the resulting amplitude is too small to
be detected by any gravitational wave detector. In particular, the sensitivity of
the future third generation of gravitational wave detectors, as for example the
Einstein Telescope, could reach ΩGW ∼ 10−12 at the frequency range 10−100Hz
to an observation time of ∼ 5 years and with a signal-to-noise ratio (S/N) ∼ 3.
Therefore, any detection of relic gravitons, in this frequency range, will rule
out this type of quantum bouncing model as a viable cosmological model of the
primordial universe, as it can be seen from Fig. 2.
Another investigation concerns the presence of a cosmological constant on
such models. As we have seen, in bouncing models without a cosmological
constant, vacuum initial conditions for quantum cosmological perturbations are
set in the far past of the contracting phase, when the Universe was very big
and almost flat, justifying the choice of an adiabatic Minkowski vacuum in
that phase. However, if a cosmological constant is present, the asymptotic past
of bouncing models will approach de Sitter rather than Minkowski spacetime.
Furthermore, the large wavelengths today become comparable with the Hubble
radius in the contracting phase when the Universe was still slightly influenced
by the cosmological constant. Hence, the existence of a cosmological constant
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Figure 2: The field plot shows a comparison of our results, labeled by η¯b (the
smaller this parameter the bigger is the energy scale of the bounce, and the
value 10−30 is just two orders of magnitude away from the Planck scale) with
experimental sensitivities and a prediction of the upper limits on the spectrum
of primordial gravitational waves generated in inflationary models. The other
show the sensitivities achieved by LIGO’s 5th run and the ones predicted for
Advanced LIGO and LISA.
can modify the spectrum and amplitude of cosmological perturbations. Note
that this is not a question for inflation because initial conditions for quantum
perturbations and the moment of Hubble radius crossing in such models take
place when the cosmological constant is completely irrelevant.
The main difference is originated from processes much before the bounce,
when the initial conditions are set and the cosmological constant is relevant.
In that case, a Minkowski adiabatic vacuum can only be defined in a precise
time domain, i.e., at the end of cosmological constant domination, but when the
Universe was still very big and rarefied. However, even in this time domain, as
the length scale associated with the cosmological constant, given by the present
acceleration of the Universe, is not much bigger than the long wavelengths of
physical interest today, the spectrum of these scales can still be slightly affected
by the cosmological constant. And indeed we have shown [59], analytically and
numerically, that the usual result for bouncing models, namely, that the fluid
should satisfy w ≈ 0 in order to have an almost scale invariant spectrum of
long wavelength perturbations, still holds, but the presence of the cosmological
constant induces small oscillations and a small running towards a red-tilted
spectrum for these scales. This may lead to small oscillations in the spectrum
of temperature fluctuations in the cosmic background radiation at large scales
superimposed to the usual acoustic oscillations.
Note that all these results were only possible to obtain because we have a
scale factor function defined even at the quantum bounce due to the de Broglie-
Bohm prescription given by guidance relations. Because of that, the evolution
of scalar and tensor perturbations through the quantum bounce is then smooth
and suitable for analytical and numerical calculations.
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Figure 3: Numerical results for nS(k) in the presence of a cosmological constant.
The solid line indicates the result obtained using ΩΛ = 0.7, the dashed line for
ΩΛ = 10
−3 and the dotted line for ΩΛ = 10−6. Note that the oscillations
become smaller for smaller ΩΛ, showing that they are due to the presence of
the cosmological constant.
In order to complete this section related to cosmological perturbations, the
dBB quantum theory can also be very useful already at the semi-classical level
in order to explain the quantum to classical transition of quantum cosmological
perturbations propagating in a standard classical cosmological model with in-
flation. This transition from quantum to classical fluctuations is plagued with
important conceptual issues, most of them related to the application of standard
quantum theory to the Universe as a whole. In fact, there is no satisfactory justi-
fication on why the initial quantum vacuum state of the perturbations, which is
translational and rotational invariant, and which remains so during Schro¨dinger
time evolution, results in a non-translational invariant state characteristic of
our inhomogeneous Universe. In particular, even when there is suitable de-
coherence, which suppresses interference between different non-invariant terms
into which the quantum state can be decomposed, it is not explained why one
of these terms is selected. According to standard quantum theory, a transition
to a non-invariant state could only be obtained by collapse. For instance, in a
spherically symmetric s-wave decay state of an atom, there are actual photons
which are detected in particular directions. This happens because the detection
involves a classical apparatus, a separate entity outside the quantum system
which is not described by the wave function, and which brings to actual facts
the potentialities inscribed in the s-wave. Once the system reaches the classi-
cal apparatus, one can invoke the collapse postulate, which will yield a definite
direction where the photon is detected. In the cosmological context, however,
there is something qualitative new: here we are talking about cosmological pri-
mordial fluctuations, that is, fluctuations which will give rise to all structures
in the Universe. Hence, in the cosmological case, there is no classical apparatus
outside the quantum system, the quantum fluctuations should themselves gen-
erate all the structures, including inhomogeneous classical systems and possible
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classical apparata. However, as said above, the wave function of the perturba-
tions is always translational and rotational invariant, so how these symmetries
can be broken without an external agent, like in the s-wave example? On the
other hand, how can intrinsically inhomogeneous classical apparata exist with-
out prior braking of these symmetries of the wave function?
These issues can easily be overcome in the framework of the de Broglie-Bohm
quantum theory. As we have seen, in this theory the Universe is described by a
universal wave function, together with an actual configuration for gravity (e.g.
an actual three metric) and a configuration for the matter (e.g. particle positions
or fields). This assumption, namely, the existence of an actual gravity-matter
trajectory in configuration space, is the essential point of the dBB theory which
breaks the translational and rotational invariance of the quantum system, in
spite of the fact that the universal wave function always respects these symme-
tries, because in the dBB approach the wave function is not enough to describe
the quantum physical system. Hence, although the quantum state remains
translational and rotational invariant in this framework, the actual dBB field
configuration corresponding to the perturbations breaks this symmetry. For
example, in the simpler case of the s-wave decay of an atom, one can incor-
porate the apparatus in the quantum description (it is not anymore a separate
classical entity), and a particular photon detection happens because there is a
particular atom-photon-apparatus configuration which is actually taking place,
guided by the wave function. In addition, the dBB theory allows for a simple
and unambiguous characterization of the classical limit.
In fact, in Ref. [77] this quantum to classical transition was described with
details from the dBB perspective. We have shown that, assuming a quantum
vacuum state for the perturbations, the bohmian trajectories for each perturba-
tion mode are non-classical while they are smaller than the Hubble radius in the
beginning of inflation, and then become classical when they get bigger than the
Hubble radius afterwards. Hence, once again, the assumption of the objective
reality of quantum trajectories turns out to be very useful in order to deal with
cosmological issues.
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7 Conclusions
In this paper we reviewed the main results of the application of the dBB quan-
tum theory to quantum cosmology. It is a consensus that in this domain we
cannot interpret the wave function of the Universe using the Copenhaguen in-
terpretation. Fortunately there are alternatives, like the MW theory, the CH
interpretation, and the dBB theory. Among these alternatives, the dBB the-
ory has one advantage over the others: the notion of a probability measure is
not essential for obtaining results from the theory. In fact, it is a dynamical
theory of trajectories in the configuration space of any general system, includ-
ing the Universe. This dynamical theory is, of course, not simple (non-local,
contextual) and weird (quantum mechanics is weird), where trajectories in con-
figuration space are determined by a wave function satisfying the wave equation
appropriate to the system under investigation. Hence, one can use the result-
ing trajectories to answer physical questions about the system without needing
any probabilistic notion. This is very important because quantum cosmology
does not furnish an obvious probabilistic measure in general, which renders the
implementation of alternative quantum theories rather obscure and involved.
In section 5, we have shown explicitly that in de Broglie-Bohm theory we
can investigate the entire evolution of the Universe, even without the notion of
probability. It is worth remarking that every quantum model of the Universe
based on probabilistic outcomes has to face a non-trivial problem: we have only
one copy of the system under investigation, the Universe, which forbids us to
repeat experiments, hence raising doubts about the physical meaning of any
kind of probability in this context. Thus, the lack of an obvious probabilistic
measure which usually happens in quantum cosmology should not come as a
surprise. On the contrary, this may be viewed as the rule of the game, pushing
us to carefully analyze whether one can consistently extract information and
predictions from such models without any notion of probability.
We should stress that one can recover probabilistic predictions in quan-
tum cosmology using the de Broglie-Bohm theory in the situations where they
are necessary when one implements a more complex modeling of the Universe,
adding new degrees of freedom, like linear perturbations described in section
6. In that case, a probability measure naturally appears in the quantum de-
scription of the sub-systems of the Universe (see section 6 for details), and the
usual Born rule can be recovered. In that case, for the sub-systems, the de
Broglie-Bohm approach should coincide with other quantum theories.
We have also shown very precisely, under the perspective of this quantum
theory, how to obtain the cosmological classical limit, how singularities can be
avoided, and how the notion of time and probabilities can be recovered in the
circumstances they are crucial. In fact, the simple assumption of the objective
reality of trajectories in configuration space turns all these results possible. For
instance, the dBB quantum theory yields simple explanations to old issues, like
the quantum to classical transition of cosmological perturbations in the standard
cosmological model, which are not so easy to obtain in other quantum theories
[77].
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In the case of full superspace, the dBB interpretation of canonical quantum
cosmology yields a quantum geometrodynamical picture where the bohmian
quantum evolution of three-geometries may form, depending on the wave func-
tional, a consistent non degenerate four geometry which must be euclidean (but
only for a very special local form of the quantum potential), or a consistent but
degenerate four-geometry, indicating the presence of special vector fields and the
breaking of the spacetime structure as a single entity. Hence, in general, and
always when the quantum potential is non-local, the three-geometries evolved
under the influence of a quantum potential do not in general stick together to
form a non degenerate four-geometry, a single spacetime with the causal struc-
ture of relativity. Among the consistent bohmian evolutions, the more gen-
eral structures that are formed are degenerate four-geometries with alternative
causal structures. We obtained these results taking a minimally coupled scalar
field as the matter source of gravitation, but it can be generalized to any matter
source with non-derivative couplings with the metric, like Yang-Mills fields. We
have also seen that any real solution of the Wheeler-DeWitt equation yields a
structure which is the idealization of the strong gravity limit of GR. Due to
the generality of this picture (it is valid for any real solution of the Wheeler-
DeWitt equation, which is a real equation), it deserves further attention. It may
well be that these degenerate four-metrics are the correct quantum geometro-
dynamical description of the Planckian universe. We would like to remark that
all these results were obtained without assuming any particular factor ordering
and regularization of the Wheeler-DeWitt equation. Also, we did not use any
probabilistic interpretation of the solutions of the Wheeler-DeWitt equation.
Hence, it is a quite general result. Of course these conclusions are limited by
many strong assumptions we have tacitly made, as supposing that a continuous
three-geometry exists at the quantum level (quantum effects could also destroy
it), or the validity of quantization of standard GR, forgetting other develop-
ments like string theory. However, even if this approach is not the appropriate
one, it is nice to see how far we can go with the dBB quantum theory, even in
such incomplete stage of canonical quantum gravity.
One may object that the conclusions based on the dBB theory may have
no physical significance, that they are abstractions with no observational con-
sequences. However, in our section 6 we have shown that the hypothesis of the
objective reality of quantum bohmian trajectories in configuration space may
lead to peculiar observational consequences related to the evolution of quantum
cosmological perturbations in quantum cosmological backgrounds, which might
be tested and which are not known how to be obtained in other approaches.
Note that if one had used other interpretations of quantum mechanics instead
of dBB theory, where the notion of trajectories is not immediate, the imple-
mentation of the calculations for the perturbations we have presented in section
6 based, e.g., on Eq. (191) could have been much more involved, if possible.
Also, if the simplifications discussed just before Eq. (191) had not been made,
corrections to the Schro¨dinger equation for the perturbations in the quantum
background could have led to a departure from quantum equilibrium during the
bounce, turning possible to find physical systems, which were created and frozen
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after the bounce, were the dBB theory could be tested against usual quantum
theory because they would not satisfy the Born rule.
We are presently in a situation in quantum physics where we have a precise
algorithm that furnish correct probabilistic predictions concerning all known
quantum phenomena, but with no underlying consensual theoretical under-
standing of this algorithm. There are many proposals, each one with their
own merits and difficulties, which furnish the same known experimental results.
The Universe is a very peculiar physical system, where quantum concepts are
pushed to their limits. We have seen, for instance, that the theoretical frame-
work of the Copenhagen interpretation simply cannot be applied to quantum
cosmology, and that some conclusions about the existence of cosmological sin-
gularities may depend strongly on the quantum theory we are using. Hence,
quantum cosmology can be viewed as the arena on which one may select the
quantum theory, among the many viable present possibilities, which is the most
suitable to describe all quantum phenomena, including the Universe itself. If it
turns out that one or more of the results obtained in section 6 within the frame-
work of the dBB theory applied to quantum cosmology are indeed observed
and confirmed in the future, with no alternative classical explanation for them,
then we will have a situation where a particular quantum theory is capable to
predict and describe some physical phenomena which are not known how to be
obtained in other quantum theories. Hence, we will face the situation where
not only quantum theory is helping cosmology but also cosmology is helping
quantum theory. These are exciting possibilities that must be investigated in
the future, not only because they are relevant for cosmology, but also because
they are important for quantum physics itself.
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